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INTRODUCTION N

@ 53 Sasm 31 Al e

we are pleased we offer this book to make it clear philosophy that has been in light

construction of educational material and can be summarized as follows:

1. To emphasise that the main purpose of these books is 10 help the learner 1o solve problems and
make decisions in their daily lives, and help them to participate in society.

2. Emphasis on the principle of continuity of life-long leaming through work that students gain a
systematic scientific thinking. and practice leaming mixed with fun and suspense, relying on the
development of problem- solving skills and develop the skills of the conclusion and reasoning,
and the use of methods of self-learning, active leaming and collaborative leaming team spint,
and discussion and dialogue, and accept the opinions of others, and objectivity in sentencing, in
addition 10 some definition of national activities and accomplishments.

3. Provide a comprehensive coherent visions of the relationship between science, technology and
society (STS) reflect the role scientific progress in the development of the local community,
in addition to focusing on the practice of conscious students to act effectively about to use
technological instruments,

4. The development of positive attitudes towards the study of mathematics and aspect of its scientists,
5. To provide students with a comprehensive culture to use the available environmental resource.

6. Rely on the fundamentals of knowledge and develop methods of thinking, the development of

scientific skills and stay away of the details and educational memorization, that's concern directed
to bring concepts and general principles and research methods, problem solving and methods of
thinking about the fundamental distinction mathematics from the others.

We have been especially cautions in this book the following:

* The book has been divided into integrated and coherent units, for each one there is an
introduction shows its aims, lessons. a short, and key terms, it has been divided into lessons
explain the goal of study under the title"you will learn”, each lesson starts with the main
idea to the content of the lesson It takes onto consideration, the presentation to the scientific
article from easy 1o difficult and includes o set of activities that integrated with other subjects
and to suit different abilities of students and take into consideration the individual differences
between them and emphasizes the collaborative work, and integrited with the subject.

*  Every lesson has been presented examples from easy to difficult, it include variety of levels
of thinking with drills on it under the title of * try to solve™ and the lesson ends with a title of
“check your understanding”

*  Each unit ends with a summary of the unit deals with concepts and instructions contained in

the unit.

Eventaally, we hope getting the right track for the benefits of our students as well as for our

dearest Egypt hopping bright future to our dearest students, And the God of the intent
behind, with leads to cither way.,
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¥ Unit objectives

By the end of the unit, the student should be able to:
Solve the quadratic equation in one variahle
algebriscadly and graphically,

Find the sum and the product of the two roots of the
guadratic equution in one variable

Fingd some of the coeflicients of terms of the
quadratic equation in terms of one of the two roots
or both of them,

Identify the discriminant of the quadratic equation
in one variable,

Investigate the type of the two roots of the
quadratic equation in one varable in terms of  the
coefficients of its terms.

¥ Key - Terms

Form the guadratic equation in one variabie
in terms Of another quadnatic equation in one
variable.

* Investigate the sign of a function |

Identify the introduction of the complex numbers
(Definition of the complex number. powers of i,
writing the complex number in the algebraic form,
eguality of two complex numbers)

Solve quadratic incqualities in one viriable.

- Equation = Discriminant of the Equation = Imaginary Number
> Root of the Equation = Sign of a function © Powers of 3 Number
- Coefficient of a Term = Complex Number > Inequality

e




W Brief History [

| Algebra 1s an Amabic word used by Mubamed (bn
Musa Elkhawarczmi ( 9th century AD, in the em
of the Abbasy kalipha Elmamooa) | In his book
(Algebra and AlMokabla) which contains the
genuine ways to solve eguation, So Elkawarezmi
i the foander of algeben after it was n pant of the
calculation.

The book has been tmnsled into Furopean
languages tthed “ Algeten™ and taken from it the
woed “Algebra” And the ot which we symbolized
i camently by “x” ( 0 reference 10 solve & quadeic
equation ). Elkawarizmd pol Geomelric solutions W
the quadnitic eguation which maich with the way of
completing the square. Many Arabic scieatists worked
with solying equations, and the best knowa is omar
Elkayyam who coacerned with solving thind degroe
CqUAtions.

R is worth mentioning that, & appeared in
Abmose papsrus (1360 BC), some of the problem that
sodutions refor that Egyptians ot that tinse have found
away 8o find the sum of the terms of an anthmetic and
LOOMRNC SOqUONETS,

Now . Alpcbea is a barge degree of soptestication
and abstractson, |t was dealing with nembers but now
It s 10 deal wath new muthematicsl ontites such as
- sets , matrices, yectors and so on, It is hopped you -
onr studens - 10 restone the scientifle ghory in Golden
eras Urough Egvpt phassonic and Islamic erms, Which
our scwentists Carry the banner of peogress and flares
koo dedipe to the world sides.
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¥ Lesson of the unil

Lesson (1 - 1): Solving Quadratic Equations in One
Variable.
Lesson (1 -2); An Introduction in Complex Numbers.

Lesson (1 - 3): Determining the Types of the two
Roots of a Quadratic Equation,

Lesson (| - 4): The Relation Between the Two
Roots of the Second Degree
Equation and the Coefficients of its
Terms,

Lesson (1 - 5): Sign of a Function,
Lesson (1 - 6): Quadratic Inequalities in one unknown

WMaterials

Scientific Calculator - Squared paper -
Computer - Graphic Program- Electronic sites
such as: www.phschool.com
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Mathematics < First form secondary

You have previously studied algebraic equations in one variable. In this

lesson, you will study the algebraic quadratic equations in one variable.

Now we will show you the previous study of algebraic equations in

one variable.

1- Theequation:ax+b=0 wherea#0 iscalleda first degree
equation in one variable which is v (because the greatest
power of the variable xis 1)

2- The equation: ax* +bx+¢=0 wherea#0 is called a second
degree equation in one varinhle which is x (becuse the greatest
power of the variable x is 2)

Thus  the equation : 2x’ ~ 3x* + 5 =0 s called a third degree equation,

(because the greatest power of the varible x is 3).

Equations, relations and functions

You have previously studied to solve quadratic equation algebraiclly

by two methods as follows:

first: By factorizing the expression ax’ + by +¢ where a, b, and
ce B, a#0(fitis possible in 7).

Second: By the general formula, the two roots of the equation

ac +bx+¢=0are; =22 = L. where 4 is the coefficient
of &%, b is the coefficient of x and ¢ is the absolute term.

Now , you will study how to solve the quadratic equation graphically.

"m Solving quadratic equation graphically

“R " -~
w The trinomial a’ + bx 4 ¢ where

1) Solve the equation: +* + x - 6 = 0 :.’::'::ﬁ o v o prasdost
graphically, then check your answer. o¢ oo dlnomials of integer
Solution coefficients if and only i the

To solve the equation * + x - 6 = () “Pesvion ¥’ - ac is a perfect

graphically, we do the following: L

% Graph the function f where Ax) = +1 - 6

J

October Engineering Press
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* Determine the set of x - coordinates of the intersecting points of the parabola and the
x-axis, then it is the solution set of the equation,

To graph the function flx) =y, y= £ +x-6 | 2 |1l
From the following table for some values of x, then find the &
corresponding values of y as follows: 5
Tla]3[2][a]o0]1[2]3 \ S
Y60 4] 6641016 AL 1L [I T
K Plot the points on the perpendicular coordinate plane, | Y | |»
join them with a smooth curve as in the opposite figure, | 1 # 2 ; 1 g
From the graph, we get the x-coordinates of the 0\ |
intersecting points of the parabola with the x-axis which YR 2 P i
are x = - 3 and x = 2. Thus the solution set of the equation ! :
Fax—6=0is {-3,2). 'S ;
You can use the algebraic solution to compare it with
the graphic solution as follows: & P
the equation: ¥’ +x -6 =0 omentny
Factorize the trinomial : (x + 3)(x - 2) =0 A TR S
cither x+3=0 or x-2=0 doniawberbatd
ex=-3 or x=2, The solution setis {- 3, 2}
Cheek:

when x=-3: LHS=(-3) +(~3) -6
=9-3-6=0(R.HS)
x = - 3 satisfies the equation.
whenx=2:LHS=(12P+(2)-6
=4+2-6=0(R.H.S)
x = 2 Satisfies the equation,

Notice that.
1= In the previous graphic relation y = + 1 -6
> The relation represents a function because any vertical line

intersects the curve at one point. Al
> The domain is the set of real numbers, dih
S 1 net function
- &k
The range is | 6‘.°°I s vorticnd Hioe &

2- To express the function, use the symbol flx) in stead of y, and points
is read as function of x, F

Critical thinking: 1+ Is every function a relation? explain with examples.
2- Is it possible to represent the relations and functions by equations?
explain.

Student book - First term
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& Try to solve

(I) Represent the relation y = x*- 4 graphically, then find from the graph the solution set of the
equation x* - 4 = 0 and if y = flx), then show that f is a function, and determine its domain and
its range | Discuss with your teacher].

2 Physics: A missile is launched vertically upwards with speed u= 24.5 m/sec. Calculate the
time elapsed t in seconds such that the missile reaches a height s metres. where s = 19.6m,
given that the relation between S and tis as follows: S=ut - 497,

@ solution
By substituting : s = 19,6 m, u = 24.5 m/sec in the relations=ut-49 ¢ A Y
L 196=2451-49¢  Divide both sides by 4.9
4 =5-¢ simplify ~
P =5144=0 factorize the trinomial . b
=i -4=0 i t= 1| secort=4sec.
245 v
P
1o jreton

Explanation of getting of two answers: The missile reaches o height of 19.6m after | second, then
it continues moving up until to reach the maximum height, then it retumns to the same height after
4 seconds from the moment of projection .

& Try to solve

(2 Sports: In one of the olympic games, a mcer jumped from a platform 9.8
metres  high above water surface. If the height of the racer above water
surface is "S™ metres after time "t" seconds and determined by the relation:
S=-49"+2.45t + 9.8, then find to the nearest hundredth, when the racer reaches the water
surface.

-

| Please visit the following links.
(o] X% T4 (.

First: Multiple choice:
‘i‘ The equation: (x~ 1) (x +2) =0is of: degree
A First B second C third D Fourth

6 Mathematics - First form secondary October Engineering Press



(2) The solution set of the equation +* = xin R is ;

A {0} B {1} C (-1} D {0,1}
(3) The solution set of the equation * + 3=0inRis:
A3 B (-3}
W3} D ¢
(4) The solution set of the equation ¥* — 2= -1 in R is: -
A1} B ¢
C {11y D {1} y
Tluﬁgumoppositempmume graph of the curve :l\ ;?
of the quadratic function f. The solution set of the .
equation f(x) = 0 is: B
A -2} l {4) N
Cc ¢ D {-2.4} ‘t-f FE ) ié.n 1 #

Second: Answer the following questions:

(8) Find the solution set of each of the following equations in &:
A ¢o1=0 B ¢ i3x=0 € (x-43=0
D F.6r-9=0 E y¥i9=0 Foxix« Dix-1)=0

@ Each of the following graphs illustrates a quadratic function. Find the solution set of the
equation f(x) = 0 in each figure .

A B8 c
A ) v i )

\ Z /

Ty ZaSEwaatyes
‘-Hh»_fu, " ERE' R _'}[ 1—%_

(8) Find the solution set of each of the following equations in 2 then, and verify the result
graphically:

A FP=3r+40 B 2¢=3_-5x
€ 6r'=6-5x D (x-3y=5

[ 1 3

E Y-Xx=12 F 5.\"--5-.\‘8'

Student book - First term
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(9) Solve the following equations in & using the general formula then approximate the result to

the nearest tenth.

A 37 -65=0 B ¥-6x+7=0
C X¥i6x+8=0 D 27 3x4=0

E 5¢-3x-1=0 F 3¢ -6r-4=0

@ Numbers: If the sum of the whole consecutive numbers ( 1+ 2 + 3+ ...« n)is given by the

relation S = -;- (14 n), how many whole consecutive numbers starting from the number | and

their sum equals:
A 78 8 171 € 253 D 465
(fj) Each of the following figure shows the graph of a quadratic function in one variable. Find
the rule of each function.
A B Cc ﬂ
1 —‘r,"ll 'FT i ! | Ay ‘:A— 1
AV A EEEMEEE i /
T EE . AN A /
i ) - i A {1 , R
i:: . l‘ T E] '. !" R ] 3 I 5
\ ‘;; ] | S S S \ ~ \ /
{ o | | -+ ll
- - . ...&{,_., \ 1 A , |
12 Discoyerthe.ewor: Find the solution set of the equation (x — 3)* = (x - 3).
Ziad's answer | 2 | Karim v answer
v (x=3Y=(x-3) v (k=3P =(x=-3)
Divide both sides by (v =3y where x 7 3 || - (x=3)P-(x-3)=0
s x=3 = | simplify A x=3x=-3)-11=0
sx=4 simplify: x - 3=0 af x-4=0
the solution set = {4} the solution set = {3, 4}
o DAS /

Which solution is correct? why ?

13 Critical thinking: A ball is thrown vertically upwards with a speed "u" of 29.4 metres/
second. Calculate the time "t" that the ball takes to reach a height *S" metres where
S = 39.2m given that the relation between Sand tis S=ut-49¢,

l 8 l Mathematics - First form secondary October Engineering Press



We have studied different systems of numbers which are : set of natural
numbers N, set of integers Z , set of rational numbers Q, and set of
irrational numbers Q', finally the set of real numbers &, Any set of
numbers is an extention to the set of numbers preceding it to solve new
equations which have no solution in the preceding system, Look at the
equation:

& =1, itisimpossible to solve it in &, because there is no real number
whose square equals "-1* satsifies the equation, thus we need 1o study
a new set of numbers which is called the set of complex numbers.

The figure opposite shows: the graph of q S
the function y = 4 | , from the graph we sl
notice that the perabola does not intersect AL, /J
the x - axis. there is no real solution of the Al

equation x* + 1 =0 in X this is necessary to ;.7/
think about a new set of numbers to solve -

this kind of equations. TET T

"w Imaginary numbers

The imaginary number "i” is defined as the number whose square
equals (-1)i.e[iF=-1 Jand /7 =T =n =47 i, whenn e RT
and the numbers in the form 2i, - 5i, '3 i are called the imaginary numbers

So,wewrite Y3 =431
VB = Y5i,...andsoon

Critical_thinking; If a, and b are two negative real numbers. Is it

possible that 'a y'b =va b ?explain your answer by giving a numerical
example.

Student book - First term
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Integer powers of i

The number i satisfies the laws of indices which we studied before | it is possible to express the

different powers of the number i as follows:
i’ =i

4
I

.y
v

-1 P ==
Exi=lxi=i

=itxil=clx-l=] if

Imgeneral : i*%=] |, "= | #i=-] |, *'=4 wherene2

'13' Find each of the following in the simplest form:

A je B ¢ C i D et
@ soiution

A i®= (i)Y sif=lx-1=-1 B iv=(i")o«i’=lx-i=-i

C i%a()"«<i'=lxi'=-ij R e e B L A e R
& Try to solve

(1) Find each of the following in the simplest form:
A ™ B CcC ;% D ¥ E 4> F j-®

WES ...

The complex number is the number which can be written in the form a + bi [ Complex numbe
where a and b are real numbers.

+ bi

The following figure shows the set of numbers which form a part of the
system of the complex number.

LY el

magnary
part

( Complexanmh« )

‘ 10 i Mathematics - First form secondary October Engineering Press
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If a and b are two real numbers , then the number z where z = a + b1, is called a complex number,
where a is called the real part of the complex numer z and b i is the imaginary part of the complex
number z.

If b=0, then the number z = a is a pure real and if a = 0, then the number z = bi is a pure
imaginary where b # 0

18 Solve the equation 9x° + 125 = 61

@ solution
The equation 9 + 125 = 61
O + 125~ 125=6] - 125  add (- 125) to both sides of the equation

O =-64 simplify

¢=-% Divide both sides by 9

X =xj¥ by taking the square root of both sides
X =:}:J¥i=t-g—-i Definition

& Try to solve
(2) Solve each of the following equations:

A3C+27=0 B 5¢°+245=0 C 4+ 100=75
Equality of two complex numbers
Two complex numbers are equal if and only if the two real parts are equal and the two imaginary
parts are equal.

ita+bi=c+di then: a=c and  b=d and vice versa,

'@ Find the values of x and y which satisfy the equation: 2v - v + (x - 2v)i = 5 + i where x and
veER andi¥=-]
@ Solution
By equalizing the two real parts and the two imaginary parts then
2t-y=5 , x~-2y=1|
Solve the equations we get x=3, y=1

# Try to solve

(3) Find the values of x and y which satisfy each of the following equations:
A (2c+ )+4yi=5-12i
B u-3+(3y+1)i=T+10i

Student book - First term
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" Operations on complex numbers

It is possible to use the commutative, associative, and distributive properties to add or multiply
complex numbers as shown in the following examples:

A7) Find in the simplest form the result of each of the following:
A (7T-4i)+(2+1)
B (2+43i)(3-4i)

@ solution

A The expression (7 -4i)+(2+1)
=(T+2)+(4+1)i Commutative and ussociative propertics
=9-3i Simplify

B The expression (2 + 3i) (3 - 4i)

=2(3-4i)+3i(3-4) Distributive property
=6-8i4+9i-12V remove the parenthesis
=6-81+9+12 wherei'=-1

=(6+12)+(-8+9) 1= 18+i Simplify
& Try to solve
(4) Find in the simplest form the result of each of the following:
A (12-51)-(T-9)
B (4-3i)4+3)
C (5-6i)3 +2i)

Conjugate Numbers
The two numbers a + biand a—- b are called conjugate numbers
For example 4 - 3i and 4 + 3i are two conjugate numbers, where:

(4= 30) + (44 31) =4y - (3 (the result as a real number)

=16-97=16-N-1)=25 (The result is a real number)
25 (4 - 3i) + (4 + 31) = 8 (the result & real number)

‘ 12 i Mathematics - First form secondary October Engineering Press



Critical thinking:
Is the sum of two conjugate numbers always a real number? explain.

Is the product of two conjugate numbers always a real number” explain

(18 Find the values of x and v which satisfy the equation:

——‘2;?(3{» =x4iy
@ solution
:: 42& =x+iy By removing the parentheses
Sty miultiply up and down the LH.S by 3 - 4}
SR =raiy simplify
% 4 %i =x+y apply the equality of two complex numbers
feix= g§ + ¥= -%

& Try to solve

(5. Find in the simplest form , the value of each of the following:

A 4-6i B 28
2 3-2i

€ 3-i D _3+4l
241 5.2

@ Elecidigity: Find the total electric current intensity passing through two resistances connected
on parallel in a closed circuit, if the current intensity in the first resistance is 5 - 3i ampere
and the second resistance is 2 + i ampere ( given that the total current intensity equals the
sum of the two current intensities which passes the two resistances)

@ solution

The total electric current intensity = the sum of the two current intensities passing in the two
resistances.
=(5-30+(2+1)
=(5+2)+ 3+ )i
=7 -2 ampere
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= Try to solve

(8) If the electric current intensity passes in two resistances connected on parallel in a closed
circuit equals 6 + 41 ampere, and the current intensity passes in one of then equals _'_l.. then
find thc current mtcnsaty pasqmg in the other resistance.

e Cheock your undorstanding

{‘3 ) Critical thinking: Find in the simplest form (1- )",

& —n &

1) Simplify

A i« Bjw C j= D jb-!
(2) Simplify:

A /8 V32 8 3i(-2i) C (-4i)(-6i) D (-2iY(-3ip
@:" Find in the simplest form:

A (3+20)+(2-51) B (26-4i)~(9-201)

C (20+251)-(9-201)

‘4 Rewrite each of the following in the form a +bi

A 2+3i)=(1-21) B (1+2i)(2+3i*+4i"
f:s‘j Rewrite each of the following in the forma 4+ b i
A2 B g -2-3 p _BIeD
14 i 3 3 4i

(8 Solve each of the following equations:

A 37-12=0 B 47-20=0 €C 42:72=0 D 3y-15=0

7’ Elestrigity: find the total current intensity of the electric current passing through two
resistances connected in parallel in a closed circuit |f the current intensity in the first
resistance is (4 - 2i) ampere and in the second one is ampere

3
2 i
(g,' Riscoxer the error Find the simplest form of the expression: (2 « 31)* (2 - 3i)

Vw.‘ —Y SO s Karim's answer
(24 32+ 3IK2~-30) (24 30(2-3) = (4 +NK)%2-31)
=(2 +3i) (4 -9 =(4-9)2-3)=-5(2-3i)
=(2431)(4+9) = 13(2 +3i) =-10+15i
=264 39
NS
Which solutions is correct ? Why?
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You have previously studied to solve the quadratic equation in one
variable in &, and you have known that a quadratic equation has two

roots or a unique repeated solution, or there is no solution. Is it possible

to find the number of roots (solutions ) of the quadratic equation in B
without solving it?

[ ,
The two roots of the quadratic equation ax® + by + ¢ = 0 where a # 0

anda, b,ce B
m: -bd._s "_w,' ’b.‘.dls ’.‘”
2a - 2a

mdﬂzetwom;conmindwcxpwsiool_b'-m . |
the expression b’ —4ac is called the discriminant of the quadratic equation
and is used to determine the type of the two roots of the equation.

1 Determine the type of the two roots of each of the following

equations:
A 5P 4x-T7=0 B F-A+1=0
€ ¥ +5c-30=0

To determine the type of the two roots:

Aa=5.b=1,¢=-7
the discriminant = b’ - dac
=]1-4«5(-7)= 141
- the discriminant is positive, .. there are two real different roots.
Bia=1,b=2,¢=1
the discriminant = b* - 4ac
=4-4.1x1=0
* the discriminant equals zero, - the the two roots are real and equal.
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Ca=-1.b=5,¢=-30 the discriminant = b* - dac
=25-4+«-1~-30=-
- the discriminant is negative, - there are two complex non real and conjugate roots.

Notice that

The type of the
two roots

two real different
(b* - dac) > 0 ‘S@L‘ 07%»
g = a real repeated root ] { ; ; ‘
yi=taemd two equal roots

two complex and
b ~4ac <0 non real roots
(Conjugate)

Discriminant Sketch of the function related to the equation

£ Try to solve
(1) Determine the type of the two roots for each of the following equations :

A 6v=19x-15 B 12x-4¢¥=9
C y(x-2)=5 D xx+5)=2(x-7)

(2) Prove that the two roots of the equation 2x* - 3 x + 2 = 0 are complex and not real, then use

the general formula to find two roots roots.

@ solution
Ca=2b=-3ande=2
«+ the discriminant = b — dac o the discriminant = (-3 ~4-2+2=9-16=-7
-+ the discriminant is negative o there are two complex roots and not real

The general formula:  y=-b* J:- Aac

‘=.t3)14/ 7i = a4y 7 |
2x2 4

/_

The two roots of the equation are: 3 # e | and g -

I7.
—-4-—!
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Critical thinking: If the discriminate is negative, is it necessary that the two roots of the quadratic
equation in the set of complex numbers are conjugate numbers? Give an example to explain

% Try to solve

(2) Prove that the two roots of the equation 7x* = 11x + 5 = 0 are complex, then use the general
formula to find those two roots.

@J If the two roots of the equation ©* + 2(k - 1) x + 9= 0 are equal, then find the real values of K

and check your answer:

@ sotution
b ~dac=0 check: whenk =4
k-1 -4-1+9=0 the equation becomes: © +6x +9 =10
4 -Bk-32=0 and it has two equal roots which are: -3, -3
A-2k-8=0 check when k= -2
(k=d)k+2)=0 the equation becomes: ¥ -G +9=0
k=dork=-2 and it has two equal roots which are: 3.3

& Try to solve
(3) If the two roots of the equation ©*— 2kx + Tk — 6x + 9 = 0 are equal , then find the real values
of K and then find the two roots.

@ Exercises (1 - 3) @
First: Multiple choice:

@!Thetwomotsoftheequ_alion.v’—&r-k=0an:equalif:
A k=1l B k=4 C k=8 D k=16

(2) The two roots of the equation x* — 2x « M = 0 are real different if :
A M= B M>1| C M>1 D M=4

\5' The two roots of the equation L x* - 12x + 9 = 0 are complex and not real if :

AL<4 B L>4 C L=4 D L=1

Second: Answer the following questions:
@) Determine the number of roots and their types in the following quadratic equation:

A ¢ 2t+5=0 B 3¢+ 10x-4=0
C Yol +25=0 D 6 -19v+35=0
E (x<11)-x{x=6)=0 F (x~Dix=T=2(x=3)(x~4)
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i:éj' Find the solution of the following equations in the set of complex numbers using the general

formula.
A ¥ 4y5=0 B 27 «6r+5=0
C 3:-Tx+6=0 D 4¢-x+1=0

(8) Find the value of K in each of the following cases:
A If the two roots of the equation «* 4y « K = 0 are real different.
B If the two roots of the equation +* - 3x + 2 + —,{-:()nrecqual.
C  If the two roots of the equation K x* - 8 - 16 = 0 are complex and not real.

\7 If L and M are two rational numbers, then prove that the two roots of the equation:
L+ (L=M)x-M=0are two rational numbers ,

(8) Population of Egypt in 2013 is estimated by the relation:
Z=n"+ 1.2 n+91 where (n) is the number of years and (z) is the number of populations in
millions.
A What is the population in 20137
B Estimate the population in 2023.
C  Estimate the number of years at which the population will be 334 million.
D Write a report showing the reasons for which the population is increasing and the way

of its treatment.

fo) Riscoxer the error: What is the number of solutions of the equation 2¢ -6 x=5n R

Alumed's anvwer N Karim's answer
b-dac=(-6y~-4x2x5 b-dac=(-6)~-4x2(-5)
=36-40=-4 =36+40=76
The discriminant is negative, then there the discriminant is positive, then there
is no real solutions P km-v: two real different solutions

10’ If the two roots of the equation 2 + 2 (K - 1) x + (2K + 1) =0 are equal, then find the real
values of K, and the two roots.

1) Critical thinking: solve the equation 36x7 — 48x + 25 = () in the set of complex numbers.
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We know that the two roots of the equation 4¢° ~ 8+ 3=0are ) andi‘

Sum of the two roots .1,4-: ‘;’-2
Product of the two roots «3=3

. 2 2-4
Is there a relation between the sum of the two roots of the equation

and coefficients of its terms?
Is there a relation between the product of the two roots of the equation
and coefficients of its terms?

m ‘Sum and product of two roots

11::!worootsnfﬂnqmdﬁti¢equati¢nax’+hx+c=0»m:
.-Ium .oJ " dac

lett!\cﬁmmhel.andtlwothormbeMm

L+M-: (Prove that) LM=-Z  (Prove that)

Qral exercise In the quadratic equation ax” + by + ¢ =0
find L+ M and L M in each of the following cases:

A lfg=1 B Ifb=a C Ifa=c

(1) Without solving the equation, find the sum and the product of the
two roots of the equation: 2¢° +5x - 12=0

@ solution
a=2,b=5,c=-12 _
Sum of the two roots sl:i-::% g
12
-

pmdntto(me'tworo«sz% =

Student book - First term

You will Learn

 How 1o Sind the sum of the
tn Toots Of & gaven quadanc
oquation.

* How 10 Aind the podect of the
o 1002s,

* Finding 2 Quadeate. equation

i terms of snother quadoatic
oquation

Key - Terms

¥ Sum of Two Rooes
* Product of Two Roots

* Scharidc caloudator




o

4 Try to solve
(I) Without solving the equation , find the sum and product of the two roots in each of the

following equations :
A2¢4+x-6=0 B 3¢=23x-30 C (2x-3)(x+2)=0

(2) 1f the product of the two roots of the equation 21 - 3x + & = 0 equals 1, find the value of k,
then solve the equation.

@ solution
product of the two roots = & ny=l ok =2
a=2,b=-3c=2
The general formula: = -by P 4c ‘2""4“
a
=3y 9-18 _ 3+V7F _ 3471
4 4 4
The solution set of the equation is {%4»—"7 7o %-—Z—i}

(2:‘ If the product of the two roots of the equation 3x* + 10x - ¢ =01is :.;L. find the value of ¢, then

solve the equation,
{37 If the sum of the two roots of the equation 2¢° 4 by - § = 0 is -3, find the value of b, then

solve the equation.

(8) If (1 +i) is one of the roots of the equation x* - 2 x + 3 =0 where g € R, then find:
A The other root B the value of a.

@ solution

a=1, b=:2, e=y
A ' L +1  isoneof the two roots of the equation
S theotherroot =) -1 because the two roots are conjugate and their sum = 2

B “.* Product of the roots = g
S+l -N=a
Solel =g

a =2
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Redation Between the Two Roots of the Second Degree Equation “lﬁe

“ Try to solve
@) If (2 4 1) is one of the roots of the equation x* -4 x + b=0. where h £ R then find:
A the other root. B the value of b,

"m Forming the quadratic equation whose two roots are known

Let L and M be the roots of the quadratic equation: at+br+ec=0,a#0

Dividing both sides of the cquation by a: Rt xe2=0

ie. x’-(%)x-&—:-:ﬂ

<+ L and M are the two roots of the quadratic equation , L+ M=- *';" M= '-:—

- The quadratic equation whose roots are L and M is: X~ (L+M)x+LM=0

@l Form the quadratic equation whose two roots are 4 and -3 .

@ Solution
Let the two roots of the equation be / and M
CL4M=44(-3)=1,LM=4(-3)=- 12,
. The quadratic equation formula is: ¥ —(L+Mjx+ L M=0
2. The equation is: X-x—-12=0

(5 Form the quadratic equation whose two roots are:  —2*2 gnd 24l

141 2
@ solution
LcuhctwgmgtsbcLandM
bl Ve 81 o
L - 141 [ 2 %
_ 2.4 240 _ -101 _
M T2 7S Fade ke L

L+M =2i-2i=0

v LM =2ix-2i=-4i*=4
«+ The quadratic equation whose tworoots are Land Mis: ©-(L+M)x+LM=0
L X +4=0

& Try to solve
{5) Form the quadratic equation in each of the following given its two roots:
A'3,5 B -9i,9i c 3 3:3
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Critical thinking: the figure opposite represents a set of parabolas
of some guadratic function which each of them passes through the
points (0, -2) , (0, 2).

Find the rule of each function

Forming a quadratic equation from the roots of another
equation

(8 If L and M are the two roots of the equation 2x* - 3x— 1 =0, then
form the quadratic equation whose roots are L* and M?,

Oam

The given equation: by substituting a=2 b=-3 ¢c=-1:
L+M= 3 =3 1M=-1

T T

TLTT;
1
|

1
l
1

s

The required equation by substituting £+ M =2, £ M = 1 in the formula

AL MI=(L+MP-2LM =3P-2(-3)

z-—+|-—+%x

By substituting in the formula of the quadratic equation:

27— (sum of the two roots) x + product of the two roots =0

~ Neticothat
F+M =+ My-2UM
(L-MP wileMP-4IM

- B4 i=0 Multiply both sides of the equation by 4

= The required quadratic equation is: 4 © - 13 x+4=0

& Try to solve

CL+M.LM

(6] In the previous equation 24° — 3x — | =0, form the quadratic equations whose each of its two
roots are as follows:
L L M
& Tiw 8w T

9 Check your understanding

A %3 B 5/3.2/3

1) In each of the following, form the quadratic equation whose two roots are:

Ci3+/2i.3 421

(2 1f L and M are the two roots of the equation x* + 3x -5 = 0, then form the quadratic equation

whose roots are L7, M°,
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Relation Between the Two Roots of the Second Degree Equation M“% of itsTm-

& i B

First: Complete each of the folowing:

(1) if x = 3 is one of the roots of the equation &2 + M x—27 =0, then M = and
the other root is

@:) If the product of the two roots of the equation : 2 x* + 7 x + 3 K = 0 equals the sum of the
two roots of the equation: x* — (K +4) x =0, thenK =

(3) The quadratic equation which each of its two roots increases | than each of the two roots of
the quadratic equation x* -3 x+2=0is

(4) The quadratic equation which each of its two roots decreases | than each of the two roots of
the quadratic equation ¥ -3 x+ 6=0is

Second: multiple choice
(8) 1If one of the two roots of the equation x* - 3 x + ¢ = 0 is twice the other, then c=
A 4 B 2 cl2 D 4
@:} If one of the two roots of the equation ax’ — 3x+ 2 =0 is the multiplicative inverse of the
other , thena =
A % B % c 2 D3

(7 If one of the two roots of the equation '~ (b —3) x + § = 0 is the additive inverse of the
other, then b =
A -5 B .3 c3 D s

Third : Answer the following questions
(8 Find the sum and the product of the two roots in each of the following equations:
A3 19x-14=0 B 47+4x-35=0

fj_) Find the value of & , then find the other root in each of the following equations:
A If:x=-1 isone of the two roots of the equation ¥-2x+a=0
B Ifix=2  isonecof the tworoots of the equation  ax -Sx+a=0
(40 Find the values of a and b if;
A 2 and 5 are the two roots of the equation ¥ +ax+b=0
B .3 and 7 are the two roots of the equation av® -bx - 21 =0
C .land gamthctwomocsoftheequationar’-x~b=0
D J3iand - y3i are the two roots of the equation ¥ +ax+b=0
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11 Investigate the type of the two roots in each of the following equations, then find the solution

se1 of each equation:
A P-2v-35=0 B 2¢+3x-7=0
C vx-4)+5=0 D 3x3x-8)+16=0

/{3' Find the value of ¢, if the two roots of the equation ¢ x* ~ 12x + 9 = 0 are equal.

13) Find the value of a, if the two roots of the equation * — 3x + 2 + -1 = 0 are equal.

‘fl_\ Find the value of c, if the two roots of the equation 3x° — 35 x « ¢ = 0 are equal, then find the
WO roots.

'ii: Find the value of K. if one a root of the equation x* « (K - 1) x - 3 = 0 is the additive inverse
to the other root,

fg‘, Find the value of K. if one root of the equation 4 K 2° - 7 x - K? - 4 =0 is the multiplicative inverse
to the other root.

1}‘ Form the quadratic equation whose two roots are ;
A 24 B -5i5i c

win
N

1-3i, 1 +3i E 3-2.3i .3+2%

-'.ﬁf._‘; Find the quadratic equation in which each of the two roots is twice one of the roots of the
equation 2¢ - 8r+ 5=0

19) Find the quadratic equation in which each of the two roots exceeds | than one of the two roots
of the equation : ¥ -Tx-9=0

20 Find the quadratic equation in which each of its two roots equals the square of the
corresponding root of the equation : 2° + Jx-5=0

'21\ If L.and M are the two roots of the equation 2* — 7 x + 3 = (), then find the quadratic equation
whose roots are:

A2L2M BiL:2,Ms2 (€22 D L«MLM
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@ Argas: the dimensions of a rectangular piece of land are 6 and 9 metres, it is required to

double this area by increasing each dimension with the same distance: Find the additional
distance.

23 Critical thinking; Find the values of ¢ in the quadratic equation 7 ° + 14.x + ¢ = 0 such that
the equation has:

‘A wo real different roots.
‘B equal real roots,
€ two complex non-real roots.

24 Discovertheemor If L+ 1 and M « | are the roots of the equation x* + 5x + 3 = 0 then find
the quadratic equation whose roots are L and M.

yousof's Answer | N

L+l (M:1)=-5
sL+M+2=-5 - LeM=-7,

Amira's answer

~L+M=-5,LM=3
sAL+ 1)+ (M+ 1) =L+M+2

Lo DM D=3 ~LM«(L+M)+1=3 =-54+2=-3
ASLM=74+1=3 -~LM=9 YL DMe D=LM+(LsM)+1
the equation is : ¥ + Tx + 9=0 =3-3+1=1
the equationis: ¥ + 3x + 1 =0
< PAS J

28 Critical thinking; If the difference between the two roots of the equation «* « Kx + 2K =0 equals
twice the product of the two roots of the equation x* « 3 x + K = 0 then find the value of K.
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You have studied before the graphic representation of a linear and
quadratic functions, and recognized the general figure of the curve of
each function, can you investigate the sign of each of these functions?
We mean by investigating the sign of the function to determine the
values of the variable x (domain of x) at which the values of the
function f are as follows:

Positive, means fix) >0
negative, means fix) <0
equal to zero, means fix)=0
First: Sign of the Constant Function

Sign of the constant function f where fix) = ¢ (¢ # 0) is the same as
thesignof cvxe R
and the following figure shows the sign of the function f,

y ‘ ¢ > o Yy 4
[ Q} 5 - >
) ’ i 5 -
5 $ i <0
Al A
the function is positive v.x € R the function is negative v x € R

(1) Determine the sign of each of the following functions:
A fix)=5 B f(x)=-T

@ solution
A i fix) >0 . Sign of the function is positive V¥ x e &
B fin) <0 .". Sign of the function is negative v x € R
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& Try to solve

(1) Determine the sign of each of the following functions:
A fiy=-% B fv=3

Second: Sign of the Linear Function

the rule of the function fis fixk =bx+¢ . b£0 | x=-F whenfix)=0
and the following figure shows the sign of the function f.

¥y
x
y °
sigo of B oppsite 1o the sign of . is the same as the sign
fix) | the coefficient of r ?dl&mﬂdﬂﬂd:
x £ >0
I = :<—E- /-\_:9‘ 4>h A
- \b/ e

@ Determine the sign of the function fwhere fix)=x -2 and represent it graphically:
@ Solution

The rule of the function: fx)=x-2 VA

Drawing the graph of the function: 3
when flx) =0 then x=2
whenx=0 then fA0)=-2

From the graph, we get: < 7
> The function is positive when x > 2 :

> The function fix) =0 when x =2 1

> The function is pegative when x < 2
& Try to solve
(é) Determine the sign of the function fix) = - 2v — 4 and represent it graphically.
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Third: Sign of the Quadratic Function,
To determine the sign of the quadratic function £, where fix) = ax’ + bx + ¢

We find the discriminant of the equation @x + br + ¢ = 0 if:
First: & — 4ac > O then there are two real roots L and M of the equation, and let L << M, then the
sign of the function 1 as in the following figure:

» y
. f 4
% ]
] '
- ) S w g e ra it bas 4 g cpptt v b B A
-l Sllhopnnet o o' et of

x r.:: £ M

{i) Represent graphically f, where fix) = x* — 2x - 3, then determine the sign of the function f.

@ solution
By factorizing the equation: © -2y-3=0 Tl ] 7
(x-Hx+1)=0 3 /
Then the two roots of the equation are: -1, 3 = Y r
From the graph , we get: i L ’wr’
> fix) > Owhenx € R—|- 1, 3] I
> fix) <Owhenxe |-1,3] _,'l =

> fix)y=0whenxe {-1,3)}
Q’ﬁ’{(, solve

(3: Represent graphically f, where fix) = x* — x 4 6, then determine the sign of the function f.
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Second: If: &' —4ac < 0, then there are no real roots and the sign of the function fis the same as
the sign of the coefficient of °, and the following figures show that.

AV

Ifia>0 Ifia<0
) >0vxeRr fix)<0vxeRr

(4 Represent graphically f where fix) = « ~ 4x + 5, then determine the sign of the function f.
@ solution
the discriminant (b~ 4 ac)=(-4)y -4+ 1 -5

T

=16-20=-4<0

thus, the equation r* - 4x + 5 = 0 has no real roots gAY f

Sign of the function is positive v x € X

(because the coefficient of x* > 0)

(4) Represent graphically f, where fix) = — X - 2v - 4, then
determine the sign of the function f,

Thivd: If: &~ 4a ¢ = 0, then there are two equal roots of the equation, let each of them equal L, and the sign
of the function f is as follows:
> the same as awhenx# L > fixy=0whenx=L

the following figures show that.

-

-
PR
=
.
"
-

L x
Ifia>0 If:a<0
fO>0 v x#L, <0 v x££l
fiv)=0whenx=L fA)=0whenx=L
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(8) Represent graphically fwhere fix) =46 —4x+ 1, then determine
the sign of the function f.
@ solution
The discriminant (b°- dac) = (-4)' =4 x4« |
=|6-16=0
Thus, the equation 4x° — 4x + | =0 has two equal roots.
By factorization: (2x~ 1V =0
Put: 2t~ 1 =0 thenx =

Ax) >0when.t¢.% ; ﬂ.r)=0whcnx=%

Ni-

& Try to solve

(5) Represent graphically f, where f(x) = - 4 & — 12¢ - 9, then determine the sign of the function f.

‘@} Prove that: for all values of x € R, the two roots of the equation 2x* - kx + k - 3 = 0 are real

different.
0 Solution

The discriminant (b*4ac) = (-k)* - 4x 2c (k- 3) = k* - Bk + 24

The two roots of the equation ace real different if the discriminant is pasitive,

Investigate the sign of the expression y=k*-8k +24
The discriminant of the equation &’ - 8k + 24 = 0 is:

(8P -4+1+24=64-96=-32<0

Thus the equation k* - 8k+24=0

= sign of the expression y=k'-8Bk+24
Then the discriminant of: 20 - kx+k-3=0

= The two roots of the equation 2 -kx+k-3=0

9 Check your understanding

(1) Determine the sign of each of the following functions:
A fix)=2x-3 B fix)y=4-x
D fixy=1-4 E flx)=4+4v+2°

1 30 i Mathematics - First form secondary

has no real roots

is positive v k € B(why)?
is positive VX e R

are real different vy e &

C fixy=x-4
F fix)y=3x-2¢+4
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First : complete each of the following:
(1) The sign of the function f, where f(x) = - 5 is in the interval
(2) The sign of the function f, where f(x) =* < 1is intheinterval

(3) The sign of the function f, where f(x) = ' — 6 x + 9 is positive in the interval
@ The sign of the function f, where f(x) = x - 2 is positive in the interval
The sign of the function f, where f(x) = 3 — x is negative in the interval

(8) The sign of the function f. where f(x) = - (x— 1) (x +2) i§ positive in the interval
(7) The sign of the function f, where f(x) = ¥ + 4 x— § is negative in the interval

@ The figure opposite represents a first degree function in .t
‘A The function is positive in the interval
‘B the function is negative in the interval

(9 The figure opposite represents 4 second degree function in x:
A flx)=0whenx 3.
B f(x) <Owhenx3
‘i flx) > Owhenxs
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Second: answer the following questions:

0’ In exercises from A to N, determine the sign of each of the following functions:

A fx)=2 B flx)=2x

C flx)=-3x D f(x)=2x+4

E fx)=3-2x F fly)=x

G f(x)=2¢ H fl)=x-4

I flx)=1-2 J f)=(x-2)(x+3)
K f(x)=(2x-3) L flx)=x-x-2

M f(x)=xr'-8x+ 16 N fi=-42+10x-25

ji/ Graph the curve of the function fix) = x" - 9in the interval | - 3, 4 |, hence determine the sign
of fix),

1_2' Graph the curve of the function f(x) = 2" + 2.x « 4in the interval |- 3, 5], hence determine
the sign of f(x).

13 Discoxerthe euor: If f(x) = x - 1, g(x) = | - *, then determine the interval at which the two
functions are positive together ,

‘)uw-ol's answer | W (Amira’s answer ‘
x=-1 makesf(x)=0 =-1 makesf(x)=0
f(x) is positive in the interval |- 1, =|, f(x) is positive in the interval |- 1, =],
x=+1 makesgx)=0 x=+1 makesg(x)=0
glx) is positive in the interval |- 1, 1] g(x) is positive in the interval |- 1, 1]
thus the two functions are positive together | | thus the two functions are positive together
in the interval in the interval

FLejU L=} 1, %= FLe=ln|-Lil=} L1
_ - -

Which of the two answers is correct ? illustrate each of the two functions graphically and check
your answer.

14’ Gold mines;: The production of a gold mine from 1990 to 2010 estimated in thousand ounce
was determined by the function f: f(n) = 12 n* - 96 n + 480 where "n" is the number of years
and f(n) is the production of gold
First:  Investigate the sign of the production function f.

Second: find the production of the gold mine (in thousand ounce) in each of the two years
1990, 2005.
Third: In which years, the production of the gold was 2016 thousand ounce?
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You will Learn

+ Sobving the quadtatic inequality
You have studied before the first degree inequality in one variable , and 1 one wnabie,

you have known that solving the inequality means, finding all values of
the unknown which satisfy this inequality. and is written in the form of an
interval. can you solve the second degree inequality in one variable?

Notice that:

+—x~2 > Oisasecond degree inequality as shown in the figure opposite
while fix)=x'-x-2

is the quadratic function related with this inequality,

From the figure opposite, we get: T
> The solution set of the inequality Ll
X-x2>0ink 3
is |-, -1 U2, =

Key - Terms

* negquatity

L™
ZTEETELE Sy
b T
o

> The solution set of the inequality :#
X-x-2<0mRis |-1.2]

o Fu

m Solving the quadratic inequality in one variable

(1) Solve the inequality: ¥ — 5x—6 > 0 o Schmnon cakidsie

Student book - First term




i 2

@ solution
To solve the inequality, we do the following steps:

Step (1): We write the quadratic function refated 1o the inequality as follows:
fix)y=r-5x-6

Step (2): We study the sign of the function f where fix) = ¥ - 5x - 6, and represent it on the
number line by putting flx) =0
FoSi-6=0 A6+ 1)=0
x=6 or x=-1

Soutam taeGatve Pramve
A0 I SRR _Seena rrets
- v

v

2 I-x 1 (3 x

Step (3): We determine the intervals which satisfy the inequality ©* - 5x -6 > 0

- @ ?

>
~3t -1 %
Then the solution set of the inequality is: |- -1] U }6 %]
& Try to solve
:l: Solve each of the following inequalities:
A+ 2c-8>0 B Y4+x+12>0
Qe
(2 Solve the inequality: (x + 3)* 10— 3(x + 3),
@ solution
* A+ 3PS 10-3(x+3)
LN +9< 10-3x-9
S+ +8<0
The equation related to the inequality is: Y49 +8=0
By factorization into factors: (x+8)x+1)=0
The solution set of the equation is: {-8.-1}
*  The following number line shows the sign of the function fix) = x* +9x + 8
rere e
L Wfn) , PO LAM?W&LALWM =
1 I 12 09 83 7 6 -§ 4 32 10 1 2 3

Then , the solution set of the inequality is: |- 8, - 1]
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& Try to solve
(2) Solve the following inequalities:
A SP4 1224 B (x+3743(x+3)-1020

e Check your understanding

@ What is the difference between the quadratic equation in one variable and the quadratic
inequality in one vanable?

@ What is the relation between investigating the sign of the quadratic function and solving the
quadratic inequalities in one vanable,

EE)W Find the solution set of the inequality (x + 1)< 4(2x - 1

Yousel's solution Nour's solution
'.'(X+')z <4(2!-')2 '.‘(X+|)’<4(2.f—l)’
Ax+ 1 <2(2x~ 1) taking the square ) "
ot bbb s L4204+ 1 <160 - 160+ 4
Ldr+x#241<0 4158 - 1843 >0
~L-3x4+3<0 The equation related to the inequality is:
The equation related to the inequality is: 35— 1Mx=1)=0
Sx+3=0 - S 1
thie solution #et {1} The solution setis {1, £}
PSR L S, T -nl",”"g """ ?”‘; >
* 1 g
* Investigating the sign of the * Investigating the Sign of the
function f where function f where
fix)=-3x+3 fix)=15x"-18x+3

We get: We get:
The solution set of the inequality is |1 , 2| The solution set of the inequality is
R-lg. 1

(4 Crilical thinking:
Find solution set of the inequality:
(x+3P<10-3(x+3)
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Find the solution set of cach of the following quadratic inequalities:

A P<9

(2)2-1<0

3)2%-x<0 B
@) P55

(8)(x-2)(x-5<0

8 x(x+2)-30

@) (x-2<-5S s
8)5-u=sy

9 ¢26x-9

A0 3C< 11 x4

A e-4r+420

12 7+¢-4x<0

wae General Exercises
' For more exercises, please visit the website of Ministry of Education. }
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Unit summary
(1\' Solve the equation: o'+ hy + ¢ =0 wherea, b, ce K,a 40

Method

Factorization into factors

Completing the square

Using the general formula

Graphic representation

The expression (b* — dac) is called the discriminant of the quadratic equation which shows
the type of the two roots of the equation and its number of solutions as follows:

* (b -4ac) >0 there are two real different roots.

* b -dac=0 There is a real root .

* b -4ac<0 There are two complex and not real roots.
'3 Complex numbers:

The complex number is that number which can be written in the form a + b §, where a and
b are two real numbers, b i is the imaginary part, the following table shows the positive

integers power of i:
-i.ol rlﬁl : ?‘lol 1 !ﬁ
i - | - i 1

Equality of two complex numbers: if ca+bi=c+dithena=c, b=d

Properties of operations: You can use the commutative , associative and distributive
properties when adding or multiplying the complex numbers. When we add or subtract the
complex numbers, we add the real parts together, and the imaginary parts together.

Two conjugate numbers: The two numbers a + b i and a — b i are called two conjugate
numbers, where their sum is a real number and their product is also a real number.
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‘4 Sum and product of the two roots of the quadratic equation:

If the two roots of the equation ax® + bx + ¢ =0 are L and M then: L + Mn%andLM =<

If L and M are the two roots of the quadratic equation, then the quadratic equation is in the
following form:
* (x=-L)(x-M)=0

* IfL+M=-— and LM= -, then the equation is '~ (L + M) x + LM =0

6 Investigating the sign of the function:

- e

*  Sign of the constant function f, where fix) = ¢ (¢ # 0) is the same as the signof ¢ Y x € R,
#*  The rule of the linear function fwhere ix)=bx+c and b #0
then x = - -%- when flx) = 0, the following figure represents the sign of the function £

i agipesate Lo the sagn W ADe s ws the sign
fe) l Wl ihe corflicsst of 1 ?Mﬂxn»«kkmul:
o < < .

PRI O —l

- b x

* To determine the sign of the function f, where fix) = ax® + by + ¢ and a # 0, we find the
discriminant.

* 1f: b* — dac > 0, the sign of the function {15 determined according to the following

figure;
s the same ws in the sateer e
the nign of the s apposits th the sign the sign of the
fix) I onfliciant of ¥ of the enelficiont of & cvelMecient ol &
>
x |- ! M *

* If: & - dac = 0, then there are two equal real roots and let each of them be L, the sign of
the function fi is the same as the signof awhenx # L and fix)=0whenx=L

* If: #* ~dac < 0, then there are no real roots and the sign of the function f'is the same as
the sign of the coefficient of %
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7 Solving the quadratic inequalities in one variable:

To solve the quadratic inequality, we follow the following steps:

4+ Write the quadratic function related to the inequality y = fix) in the general form.

2- Study the sign of the function f related to the inequality and represent it on the number
line.

3- Determine the solution set of the inequality according to the intervals which satisfy it.

(U Enrichment Information

Please visit the following links.
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By the end of the unit, the student should be able to:
Revise what he / she has previously studied in
preparatory smge on similarity,

Recognize similurity of two poly gons.

Recognize and prove the theorem (if the length of
the corresponding sides.,.,)

Recognize and prove the theorem ; ( If the measure
of an angle of a triangle ...)

Recognize and prove the theorem | ( the rutio
between the arcas of the surfaces of two similar
triangle ...) .

3

Rt ' Sieiler Tranghes
Proportion Coresponding Sdes
Moxsure of an Ngle Congruent Angles
Length Regular Polygon
Area Ouwdnlatesal
Coons Prodiuct Fertagen
Extreme ! PostulaterAmom
Mean T Periveter

© Similar Polygoma . Awa of palygon

Recognize and deduce the fuct: ( Any two similar
polygons can be divided into...)

Recognize and prove the theorem & ( the rtio
between the sreas of the surfaces of two similar
polygons...)

Recognize and dedoce the well known problem | (
If the two lines containing the two choeds in o circle
arc intersecling ot a point then ., ) and vice versa
and corollaries on it .

Cherd

Secam

Tangent

Darmetar

Coomon External Tangent
Common ntemal Tangent

Concantrx: Cachen

Smdlanty Satio




When construction on a piece of land, we need to
do a sketch of the building. It is obvious that you
can not do this sketch on a piece of paper 1o be
congruent to the prece of land but we have 1o work
on a small image similar to the onginal building.
It could be done by taking a suitable scale for this
minimization and measurements of angles on the
drawing. So that they equal 1o their corresponding
angles in the original building. If you think about
the shape shown at the top of the page, you will
notice that the nature is full of forms containing
patterns repeat themseldves at vanous scales, such
as the leaves of a tree, flower head of cauliflower,
and meanders see coast.

The notice of these repeated patterns led o the
emergence of a new architecture for nearly 40
years, interested in self- study of shapes and
summary that repeated irregular, It has been called
fatafeet architecture or fractal engineenng and it
will be studied in the next stages of education,

\_

Lesson (2 - 1): Similarity of Polygons.

Lesson (2 - 2): Similarity of Triangles,

Lesson (2-3): The Relaton  Between
the Area of two Similar
Polygons.

Lesson (2 - 4): Applications of Similarity
in the circle,

Computer - projector - graphic programs
squared paper - Mirror - Measurning
tools - Calculator

B

Stmidarin
Hmilartty of polygons
Y L
' ?
PESS————— | —————————————— | p——————
[ Similarity of triangles | | Similerity of potygons | | regular polygens |
':’ . > Parve the same
SeN. S - umbar of sides )
[SASsimilacity | | (AAA similacey)
\_Seorem ) 4\ theom J ||
['ss-nn;]' .
theoram

)
o Y

-mmmdlwﬂ-m" ;
T selation Detween Areas of two similar polygens po-

(M¢M)

(Ute ancs scientific appiscations ) (indiect Measwwe) ( inthecrde )

B S -y
(o™ et Seae wit Gace .
P W\ -
g Py e -
Secwm w
Mrewants et oy




You will learn

‘% §
» Comoept of umlarty. A1
» Siimiloricy of polygons the figure opposite shows :
Vg S, the polygon ABCD, and its o -
* Golden rectangle and golden— image A'B'C'D' by geometric ! u
e transformation. o -%gf )2 g
1 "a
A Compare the measures of 7"
corresponding angles: DI INpet”
ZA, LA - LB, LB S
LC, LC - 4D, LD bt y e
What do you deduce?
B Find the ratio of the lengths of the comesponding sides lengths
- AB BC CUD DA
Key-terms 2, A8 B €0 oA Vhat do you notice?
PUETe. 9" When the polygons having the same shape and different in lengths of
b S Dkt sides, then they are called similar polygons.
¥ Coermsponding Sdes p
. - Similar polygons
b Reguiwr Folygon
< Mmmhmmdmmdb
¢ similar if their corresponding angles are congruent and
S the lengths of their corresponding sides are proportional.
mm
1- In the figure shown in "think and discuss” we get:
‘A Corresponding angles are congruent:
‘ LANELA ., £B=L8B
oarssai beiss % 2C22C, LZD=ZD
b Computer B Lengths of correspanding sides are proportional:
o AB _ BC _ CD' _ DA
AB ~ BC - CD - DA |
PENE R Thus, we can say that figure A'B'C'D' is similar to figure ABCD
’ w m - - -
3 e 2- Wf use the symbo.l (~) 1o denote amnla‘nly of two pqugons and
X write them according to the order of their corresponding vertices
to make it easy to write the proportion of corresponding sides.
4 4?2 ' Mathematics - First form secondary October Engineering Press



If polygon ABCD ~ polygon XYZL then: m

A ZASLX LB=LY ZCSL2Z2,. ZD= L

A B C
8 % - gcz_ - %?. = .i:xé = K (similarity ratio). K # 0 I I I
X Y Z

The scale factor of similarity of polygon ABCD to polygon XYZL

equals K, and scale factor of similanity of polygon XYZL to
polygon ABCD equals Tl"

‘1) In the figure opposite: polygon ABCD ~ polygon EFGH.

| 3
-~ — O

A Find the scale factor of similanty of e
polygon ABCD 1o polygon EFGH, O G
B Find the values of xand v. % .
@ solution s
"+ polygon ABCD ~ polygon EFGH A B EY—sm—ir

o
then: £2 = B¢ = 20 = P& = similarity ratio,
“S "f6 x° @8
A Scale factor = '2=g

.E:g —s  x=10cm , y
£ L

= -g y=Tcm
& Try to solve
@) Show which of the following pairs of polygons are similar. Write similar polygons in

order of their corresponding vertices and determine the similarity ratio.
A
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Think
Are all squares similar? Are all rhombuses similar?
Are all rectangles similar? Are all parallelogrames similar? Explain your answer.

Notice that
1+ For two polygons to be similar, the two conditions must

be satisfied simultaneously, and the fulfilment of one of

them only is not sufficient.
2- If two polygons are congruent, then they are similar (polygon
M, ~ polygon M,) and the scale factor is then equal 1, and

two simialr polygons need not be congruent (polygon M, &
polygon m, ~ polygon m,
polygon M) as in the figure opposite.

3- If each one of two polygons is similar to a third

polygon, then the two polygons are similar

If polygon M, ~ polygon M, @
polygon M, ~ polygon M,

then: polygon M, ~ polygon M,

4- Any two regular polygons having the same Q
number of sides are similar. Why?
pe= i

'2) In the figure opposite: A ABC ~ A DEF, - F
DE=8m , EF=%m , FD=10cm

P
%

if the perimeter of A ABC = 8lem.

Find the side lengths of A ABC.
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. AABC ~ A DEF
. AB _ BC _ CA _ AB4+BC+CA _ perimeter ol 4 ABC : ;
“*DE - EF FD  AE+EF+FD  porimater of 4 DEF (Proporites of proportion)

and: A8 2 BC o CA _ 81

8 9 10 27
S AB= 8-ﬂ=z4cm. BC=9+3=27, CA=10+3=30cm

If polygon M, ~ polygon M, then A i o

. = Similarity ratio (scale factor)

& Try to solve

L
») Len,
(2’ In the figure opposite: A X
polygon ABCD ~ polygon XYZL
‘A Caleulate m (2 XLZ), length of AD
C :
oo s L
B If the perimeter of polygon ABCD = 19.5em 2 e
find the perimeter of polygon XYZL.
Similarity ratio of two polygons
t K be the similarity ratio of polygon M, to polygon M,
in K>>I then polygon M, is an enlargement of polygon M,
0<K<I then polygon M is a shrinking of polygon M,
K=1 then polygon M, is congruent to polygon M,

In general: you can use the similarity ratio in calculation of the dimensions of
similar figures,
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(1) Show which of the following pairs of polygons are similar, write the similar polygons
in order of their corresponding vertices and determine the scale factor of similarity (side

A
10 1o
y © B
10
C

lengths are estimated in centimetres),

A L X B &

[:] D : ’ |

w

Z » y € > B T
X

(2) If palygon ABCD ~ polygon XYZL. complete:

KL B ABZL=XY -
e BC +YZ = o LX Parimeter of polygon _ XY
: YZ - = X Parimeter of polygon T AB

(3 Polygon ABCD ~ polygon XYZL, If AB = 32cm, BC = 40 ¢m, XY = 3m - | and
YZ = 3m -+ |1, Find the numerical value of m.

@'1 The dimensions of a rectangle are 10cm and 6¢m. Find the perimeter and the area of
another rectangle similar to it if:

A Scale factor equals 3.

B Scale factor equals 04
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@) In each of the following figures, polygon M ~ polygon M, ~ polygon M,
Find the scale factor of similarity of each of polygon M, polygon M, w.r.t polygon M.,

A T T "] ' | 1 !
‘T | | | B - : :
[o e et T 05 o —p—g- ——1 LR B Y '“"'-ii-llii - —y -
| | i i Hm N 1}
| 1.1 : | Ve S= a3 |
= N ,
P od l R e o e ]
; 4 I- l | - L]
C1 M 1 = 1
| I O i L1 aAmE I 1

@ ! The following three polygons are similar. Find the numerical value of the symbol used,

.
) 2 4
:E‘ %, ? .
{ = * Wy Fa

3Mom

(7) Activity; the length of a golden rectangular box is 16.2cm. Calculate the width of the box
to the nearest centimetres.

(8) Two similar rectangles, the dimensions of the first are 8cm, 12cm and the perimeter of the
second is 200cm. Find the length of the second rectangle and its area.

@ Architecture Engineecing: the figure opposite shows the floor plan of a house with a
drawing scale 1 : 150, Find:

A The dimensions of the reception. 30 cm 1eem
‘B The dimensions of the bedroom. I
5 ~, reciption bedroom
'€ Area of the living room. "I — %
3
D Area of the floor's house. (:’ ) I
4 g
thna ow Kechen .| bath room |~
l

S RGN — N G —
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You will learn Q
(o

» Conen of vimmslarity of triangles.

S wouw One of the Kkings

Stawn S the versex of the of pharsohs  asked
nght angle s the typotenne of - the  mathematician

the right sngled trangie

THALES (600BC),

1©  measure the

height of the great

pyramid, there were . lengthotthe

no  equipments or pyramis's shadow

machineries or & way to find the height of the pyramid directly.

Thales fixed a vertical stick and start to measure the shadow of

the stick and compare it with the length of the stick itself, until the
Do length of the shadow of the stick equals the real length of the stick.

» Postulate) Asdom

O He measured the length of the pyramid's shadow, it was equal to the
height of the pyramid.

If you are asked to measure the height of a flagpole using a stick and
a measuring tape, Do you wait until the length of the stick’s shadow
equals 1o the length of the stick or can you measure the flagpole's
height at any time in a sunny day? Explain you answer.

=== :
4- Draw A ABC in which: m(.~ A) = 50",
m{(.~B)=70"and AB = 4cm

* Squared paper

» Mepummg 300l
» Calcrdatcn

0”2~ Draw A DEF in which: m(Z~D) = 50", _
m{(ZE)=70", DE = 5cm 5 —_——

3- Find by measuring to the nearest millimetre, the length of:
AC, BC. DF and EF

4- Use the calculator to find the ratios fF = 22 = £2
Are the ratios equal ? What do you deduce about these two tniangles?
Compare the resuits you obtained with the results obtained by the
other groups and write your comment.
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angles of another triangle, then the two triangles are similar

4
In the figure opposite: c
WZLAS LD, £LB=LE
then A ABC ~ A DEF
x =
E D B A

& Try to solve
(1) Show which of the following pairs of tnangles are similar. Write the similar triangles in
order of their corresponding vertices,

D g . z X
. Y
4
R A
= W " N M
F e O B
‘ X C A
c o D
' A
E
B
y Y
[ €

1- Any two equilateral triangles are similaras in E )

: B AA simiarity postulate
L? If two angles of one triangle are congroent to their two corresponding

A

2- Two isosceles triangles are similar if the measure of one of the two base angles in one of
them is equal to the measure of one of the two base angles in the other as in F ). or if the
measures of their vertex angles are equal.

3- Two right triangles are similar if the measure of one of the two acute angles in one of
them is equal 1o the measure of one of the two acute angles in the other asin B ),
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(1) In the triangle ABC, D € AB and E € AC where DE //BC.

BD=12cm, AE=3cm, AC=4cm and DE =4.2cm.

A Prove that A ADE ~ A ABC
B Find the length of: AD and BC

@ solution
A )
.2 ADE = Z ABC

in the two triangles ADE, ABC \7/

‘2 ADE= ~ ABC
~ DAE = /BAC
. AADE ~ AABC

B - AADE ~ A ABC

L AD - S- 42

AD+12 4~ BC
4AD =3(AD-1.2)
= 3JAD-36

AD = 3.6cm

& Try to solve

.~ DE // BC and "AB is a transversal to both of them.

(proved) c
(comemon angie)

(postulate)

3IBC=4+42
442

3
BC =5.6cm

(2) In each of the following ﬁgum. prove that: A ABC ~ A ADE, then find the value of x

A

/\

(- ‘J\-

ra
-

o Siom

Important corollaries

e A

It Nem

fu-mummmwmwaawndhmmm
1; two sides or the lines containing them, then the resulting triangle is similar

L to the original triangle.
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o E
X
c

A
3 o} A
C - B < +

E

If DE // BC and intersects AB and AC atD.and E respectively, as in the three previous figures:
Then: A ADE ~ A ABC.

el \

’@ In the figure opposite: ABC is a triangle, D € AB, DE // BC
and intersects AC at E, DF / AC and intersects BC at F.

€ P 8]
Prove that: A ADE ~ A DBF / ‘/\
Y Oﬂu L K - \s
** DE // BC . AADE ~ A ABC o
** OF Il AC .. A DBF ~ A ABC 2
from (1) and (2): A ADE ~ A DBF (Q.ED)
% Try to solve A

‘3. In the figure opposite: ABC is a triangle, D € AB. DE // BC and intersects
AC at E, AX is drawn to intersect DE and BC at X and Y respectively.

A State three pairs of similar triangles. £ XD
B provcthnt:%éz%z%. / / - \
c Y - B

"~ In any right triangle, the altitude to the hypotenuse separates the triangle
L into two triangles which are similar to each other and to the original triangle

e —— A
In the figure opposite: ABC is a right angled tnangle at A, AD 1 BC
n A DBA and A ABC
m(.~ ADB)=m (. CAB)=90"and .~ B is a common angle.
S ADBA~ AABC (postulats) (n é ) 4
Similady A DAC ~ A ABC (2)

*.* If each one of two tnangles is similar to a third tnangle, then the two triangles are similar,
S A DBA ~ ADAC ~ AABC
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(3) ABCisa right angled triangle at A, AD L BC. Prove that DA is a mean proportional to

DB and DC,
@ solution A
Given: AABC: m (.~ A)=9", AD L BC.
R.T.P: prove that (DAY = DB « DC.
Proof: In A ABC
Ymii A =%, AD L BC - -
S ADBA~ ADAC (Corollary)
DA _DB . .
and oC = DA ie. (DAP=DB «DC

& Try to solve
(4) In each of the following figures, Find the numerital value of x:

A B B8
X
G Kem Wom A
‘4 In the figure opposite: ABC is a right angled triangle at A, A

AD L BC prove that:
A (AB)=BC «BD
B (ACY=CB«CD

@ solution p . L
In A ABC:
m(/A)=9%", AD L BC 0
o ’ PR The results you -
SCAABD ~ ACBA (corollary) obtained in exmples 3,
. AB _ BD 2 ) 4 are considederd
S BT BA .(ABY =BD - BD a proof of Euclid
JAACD ~ A BCA (corollary} theorem which
you studied in the
A =R L(AC)*=CB - CD AR
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(5) Find the numerical values of x, y in the simplest form (lengths are measured in centimetres)

2

Wt

Indirect measarement
It is difficult in some cases to measure a distance or height directly, in this case. you can use
similarity of triangle to find this measurement by an indirect way.

One of the ways, you can use the property of reflection of light in a mirror, as in the folowing
example,

5) Physigs: yousef wanted to know the height
of a tree, He put a mirror 6 metres from the
base of the tree, then he moved back until he
can se¢ the top of the tree in the middle of the
mirror. At this point, he moved a way from the
mirror 1.2m and his eyes was at [.5m from
the ground. If his foot. mirror, and the base of
the tree were on the same straight line. Find
the height of the tree. Given that measure of
incident angle = measure of reflected angle

@ solution
Let the height of the tree be x metres and measure of the incident angle be 0°

.*. Measure of the reflected angle = 6°
In the two triangles ABC and DEC
m(Z By=m(LE) =%
m (.~ ACB)=m (.~ DCE)=(9%-6)'
~.AABC~ADEC 42 =2¢
TR -‘-6-2- . x=75m
i.e. the height of the tree equals 7.5 metres.
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£ Try to solve

6 Find the distance x in each of the following cases:

B
i i
s -
4 2tres
L W ——d
D

.

C/ If the side lengths of two triangles are in proportion, then the two triangles are similar.

A

Given: In AA ABC and DEF; A2 = 2¢ = A D

T EF  FD
R.tp.: AABC ~ A DEF
Proof : take X € AB where AX = DE,
Draw XY // BC and intersects AC at Y.

AT £

XY //BC

S0 A ABC ~ A AXY (Carallary (1}) B
A8 _BC _CA
AX T XY T YA

*tAX =DE (Conatructon)

AB_ BC _ CA

()
g, 3 BB | ot Y. e (Qiven) i2)

fmm“m 2y we deduce that: XY =EF, YA=FD

and A AXY = A DEF (SSS congruency theorem)
.. A DEF -~ A AXY

AABC ~ A AXY (Proved)

SO ABC ~ A DEF (QED)
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(6 In the figure opposite: B, Y and C are collinear. Prove that:
‘A AABC ~ A XBY
B BC bisects ~ ABX

@ solution
‘A In the two triangles ABC and XBY, we get:

S R4 = =
W 98 VBYE s -8 c em A

5 -:-g— - -g% =48 i.0. Corresponding sides are proportional
- AABC ~ A XBY

B - AABC ~ A XBY s.m(Z ABC)=m(/ XBY)
i.e.: BC bisects .~ ABX

CDIntlnﬂgmoppodtc.ABﬂCD {E}whemé--g—ir -g—g-%:ﬁpmvelhatﬁllﬁ
‘m
e BB remseem o
|
|
7%‘%.%.& g ";'JC‘E‘I (Propartes of propantion)  (2)
AE _CE _CA
From (1)1 (2) we get: g= = 55 = 55

ie. AAEC ~ A BED
S.mi{~ ACE)=m(.~ BDE) [ ‘A

They are corresponding w.r. to the transversal CE

. AC /I BO
A
% Try to solve
7 ABCDisa quldrilatcral. E € BO where: 8
-gi- = % % EB prove that:
A AD//BC B AB // CE b
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thaoren SAS Similarity theorem

L'/

If an angle of one triangle is congruent to an angle of another triangle and lengths
of the sides including those angles are in proportion, then the triangles are similar

4B o AC
* DE T DF

R.Lp.: A ABC ~ A DEF
Proof: take X € AB where AX = DE

Given: ~ A= D

E
draw XY // BC
and intersect AC at Y
.+ XY // BC
ABI_ AC
FRXT A
gy .ﬁg = -A..c.
" DE  EF
. E‘AB. é-c. ol
"SFX'EF LAY = DF
S AAXY = A DEF
A AXY ~ A DEF

from (1), 2) we get: A ABC ~ A DEF

, AX=DE

(given)

S AABC ~ AAXY

Q

{Corollary) (N

{oonstructon)

ISAS congruency thearem)
(2

GED

(8) ABC is a triangle AB = 8cm, AC = 10cm, BC = 12cm, E € AB where AE =2cm, D € BC

where BD = 4¢m.

A Prove that A BDE ~ A BAC and deduce the length of DE .
B Prove that figure ACDE is a cyclic quadrilateral.

@ solution
**AB = 8cm, AE = 2cm S.BE=
A In AA BDE, BAC,:
" DBE = .~ ABC
BD _4_1 BE_6_1
"BA T8 2 BC 122
. BD _ BE
"BA T BC
from (1), @ ..ABDE~ ABAC

C
~DE= % AC . DE

from similarity 2¢
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‘B From similarity also .~ BDE = .~ BAC .. m(/ BDE)=m( BAC)
*.* ~ BDE is an exterior angle of the quadrilateral ACDE
.. the figure ACDE is a cyclic quadrilateral.

& Try to solve

(8) In each of the following figures, find the numerical value of the symbol used in measure.
Explain your answer.
(A)

(Q' ABC is a triangle D € BC where (AC) = CD ~ CB. Prove that: A ACD ~ A BCA

@ solution
In the two triangles ABC, DAC, .~ Cis a common angle (1)

“*(ACY =CE «CB A
, AC _CD
] = ‘A—e (2)
from (1),(2) we get AACD ~ A BCA (Maorem)
= D 8

& Try to solve

{9 ABC. DEF are two similar triangles, X is the midpoint of BC, Y is the midpoint of EF .
Prove that:

A AABX ~ A DEY B AX - DE=AB DY

9 Check your understanding

In each of the following figures, find the value of X.
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(j) State which of the following cases, the two triangles are similar. In case of similanty,
state why they are similar?

A g8 C A c
D b

C B
p X E
: >
9
4 Y
N
£ e
N acn L

'3 In the figure opposite: ABC is a right angled triangle. AE L BC
First: complete: AABC ~ A ~A
Second: If x, v, z, 1 o and n are the lengths of the straight
segments in centimetres, then complete the following o

proportions: g s
X
) P ) ) X B) 8 L)
F 4 F 4 ]
X
) " Do 8 B e Pl o=
x % x z X y

(4) AB and DC are two chords ina circle, AB N DC = {E}. where E lies outside the circle,
AB =4cm, DC = 7em and BE = 6¢m. prove that AADE ~ ACBE, then find the length of
CE

'5 | ABC, and DEF are two similar triangles, AX L BC tointersectitatX, DY L EF and
intersects it at Y, Prove that BX « YF=CX <« YE
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8 In AABC,AC < AB,M 3 AG where m(~ ABM)=m (.~ C).
Prove that (AB)' = AM « AC.

(7) ABC is a right angled triangle at A, AD L BC to intersect it at D . if 5o = 1.

AD =642 cm. Find the length of BD, AB and AC.
@) In the figure opposite: ABC is a right angled triangle at A, A

AD L BC., DE L AB , DF . AC. Prove that; £

A AADE ~ ACDF y

‘B Area of rectangle AEDF = J AE » EB « AF « FC c 0 @
'8 In the figure opposite: ABC is an obtuse angled triangle at A, 3-

AB=AC. AD L AB and intersects BC at D.

Prove that: 2(AB)* = BD « BC /\

c D a

@l The two sets A and B represent the side lengths of different triangles in centimetres. In
front of each triangle from set A Write the triangle similar to it from set B

Set(A) Set (B)

Al2ds 4 ¢ 3
6 ., 6 ., 6 B8 . 135, 14
SIS 5 T il €18, 3 + B
JE « & .10 Pk, Ak & H
417 . 8 . 12 E|35:, 4 + 6
S| . 27 , 28 FIB .. 6 v 10

G |32 , 54 , &

11/ In the figure opposite: A B C is a triangle in which AB = 6cm
BC =9m and AC =75¢m.
D is a point outside the triangle ABC
where D B = 4emand DE = Sem. Prove that:

A A ABC ~ ADBA
‘B BA bisects .~ DBC

12 In the figure opposite , Complete:
AABC~ A
and the scale factor =
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13 In the figure opposite: AABC ~ AXYZ, . "

E is the mid point of BC, M is the mid point of YZ.
CDO L AB and ZL L XY, prove that: L

A AAEC ~ AXMZ z
CD AE Y

2L XM

14 ABC and XYZ are two similar triangles, where, AB < AC, XY < XZ.
E and L are the mid point of BC and YZ respectively. AF L BC and XM L YZ
Prove that A AEF ~ A XLM

11_3) ABC is a triangle, D » BC where (AD) = BD « DC, BA <AD = BD ~ AC. Prove that:

A AABD ~ ACAD 8 AD 1 BC
C m(/ BAC)=%"

10' Thediagram opposite showsthelocationof agasstation. It
is required to build it on a high way at the intersection
of a road that leads to ¢ity C and perpendicular to the
high way between the two cities A and B.

A How far is the gas station from city C?
B What is the distance from B to C?

Antivity R A N N
Use Google Earth program to calculate the shortest distance between the governates of Egypt
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You will learn :;»O
o
] * Dhe relation betwesn e pe-

On the squared paper, draw each of X ”. P NS T Ty SO
the two triangles ABC and XYC. = SR ety fal U0 )
e * The relation Detweer awas
1- Show why: Y of two sevilar pObygoNs and
A XYC ~ A ABC. Find the similarity ratio. smakarity 1atio,

2- Calculate the ratio of area of the triangle XYC to the area of the
original triangle ABC

3- Dcwminc_g_nmhcrpoinlasbeﬁ.mcndmwﬁ”ﬁ‘md
intersects BC at D' to get the triangle DD'C. Is A DD'C ~ A XYC?

4- Complete the following table:

similarity Areaof | Areaof Ratio | Key-term o
The triangles ratio | the first | the second = between g
triangle  triangle  their arcas| S
AXYC ~ A ABC & 4 36 K I o
3 3.._8._. * Acea of 3 Polygon
A DDC ~ A ABC S ———"
AXYC ~ ADDC

5~ What does it mean by the ratios you obtained comparing with the
similarity ratio (scale factor)?

First: the ratio of Areas of two similar triangles:
5 Ratio of the areas of the surfaces of two similar | .o 1100 1o0is

7" " triangles equals the square of the ratio of the lengths L
L of any two corresponding sides of the two triangles * Compuer
(1] A ® Projectar
+ Gaphic progam
* wquared paper
* Colcrdaton
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Given: A ABC ~ A DEF
.“Am-is_z:E’_CA’
R u‘a‘“oe"n"(os) &) =(%) [ (Netice
Proof: Draw AX L BC where AX N BC = {X}, Ithe smrfice aren of
DY L EF where DY N EF ={Y} | polygon
 AABC -~ A DEF

Sm(£B)=m(ZE), f2 =T =55 "

In the two triangles ABX, DEY:
miX)=m(-Y)=9%" ., m(/B)=m(E)
S.AABX ~ A DEY (A A similarty postidato)

. AB. _ AX 2
*“ DE ~ DY ¥

1 !
aaABC) _ 38C*AX _Bc
MADER)  Lerxav

D|>
<ix

By substituting from (1), (2), we get:
s(0ABC) _AB  AB _[AB\ _(BCY _[CAY
o= ae=(e) (&) =(%) QED.
. ®™AABC) (ABY  AB _ AX
Neticethat: - oer =(58) © oF = by
. alA ABC) AX)’
0 (s DEF) ~ \DY
i.e. the ratio of the areas of the surfaces of two similar triangles equals the square of
the ratio the lengths of any two corresponding alttitudes of the two triangles.

Critical thinking:

D
A
1- If A ABC ~ A DEF, Lis the midpoint of BC. M is
the midpoint of EF.
a(AABC) /ALY,
iz oER =(ow)" F bl
C Y B

the

Explain your answer, and write your deduction.

2- If AABC ~ A DEF, o

AN bisects .~ A and intersects BC at N, oW
DZ bisects .~ D and intersects EF at Z.
a4 ABC) AN 2,,
Is SaDem = (T)“z')
Explain your answer and write your deduction.
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The Relation Between the Areas of.

1 In the ﬁgm opposite: ABC is a triangle D € AB
where A2 6 --. DE // BC and intersects AC at E.
if the area of A ABC = 784cm’. find:
A areaof AADE. B ares of trapezium DBCE.

@ solution
In AADC: . DE // BC
S AADE ~ AABC {Coenitary)
. it ADE) _ (AD
4 (5 ABC) -( )’ (thearam)
and 25225 = (3) oa(AADE) =784 - 2 = 14dem’
‘.‘amoﬂmpezmm DBCE = area of A ABC - area of A ADE
o area of trapezium DBCE = 784 - 144 = 640cm’
1. In the figure opposite:
BE bisects .~ ABD,
a(AABC) =48 ey’

Find: alA EBD)

lf@ The ratio of the areas of two similar triangles equals 4 : 9, If the perimeter of the greater
triangle equals 90cm, Find the perimeter of the smaller triangle.

@ Ssolution
Let AABC ~ A DEF
. -alOARC) AB) AB _ 2
'(Aoen DE DE" 3

Perimeter of A ABC AB 2

— ——

"' “Pearimeter of 5 DEF ~ DE ~ 3
. Permeter of (4 ABC) _ 2
e o0 3
. Penimeter of A ABC = 6(km
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/o : R al0ABC) 3
2, ABC and DEF are two similar triangles, SaDER 4
A If the perimeter of smaller trinngle equals 45473 cm. Find the perimeter of the greater

triangle.

B If EF = 28cm, find the length of BC.

(3,'1 If every | cm on the map represents 10 kilometres.
find the real area which the tnangle ABC represents
to the nearest square kilometre,

If sl A ABC) = 6.4cm’,
@ soiution

Drawing scale = similarity ratio = T : rs

area ol AABC _ cquare of similarity ratio
real area
64__ . ( 1 )’

real area 10 <10

the real area = 6.4 « 10 « 10 < 10° « 10" ¢m?

= 640 km*

& Try to solve

3} A On the map above, calculate the area of ADEF
in cm?, and use it to estimate the real area which
the triangle represents to the nearest km?,

B Use one of the maps of Egypt to calculate area

of Sinai to the nearest 100 square Kilometre. Compare your answer with the answer
of your classmate,

Second: The ratio between the areas of two similar polygons

. Group work

Work with your classmate to discuss how to divide two ° = s

similar polygons into same number of triangles which i

cach of them is similar to the corresponding one lel A~

4- Draw similar polygons asin figure (1) and figure (2). =

2~ In figure (1) draw AC. What do you notice? o i - 5
figase (1)
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3- Infigure (2) draw AD. What do you notice? Is there an explanation to that?
Notice that In the two triangles AB'C', ABC

m(.~ ABCY=m{~ B) from similarty polygons

and ‘e'_c" // BC

S AAB'C ~ AABC (Coroliary)

similarly m (.~ AE'D')=m(.~ E)

A E'D' // ED and AAED ~ A AED and 0 on

Eagt Two similar polygon can be divided into the A

same number of trinngles, each is similar to the > 2
corresponding one. -

Note: the fact mentioned above is valid regardless 2 ¢
the number of the sides of the two similar polygons ‘

(have always the same number of sides). Any polygon A = A i

of n sides can be divided into (n-2) tnangles.

m\‘ Ratio of the areas of the surfaces of two similar polygons equals the square
\ %’ the ratio of the lengths of any two corresponding sides of the polygons

Dl
£ D
oy E
c
A' 8 B -

Given: polygon ABCDE ~ polygon A'B'C'D'E'

. _a (polygon ABCDE) _ ( AB \'
RAp.: o eon ABCDE) (A’B

proof: from A, A’ draw AC, AD, AC . AD'
~* polygon ABCDE ~ polygon A'B'C'D'E'
.. they are divided into the same number of triangles. each is similar to the corresponding

one {fact). then;

a4 ABC) .(BC)’ (4 ADE) _(_c_g)’ a( ACD) _(gg_’

aLABC) \BC) ' aAADE) \CD/ * alaACD)  \DE
S e DB A (rom simias polygons)
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. A(AABC) _ a(AACD) _ a(s ADE) =( AB )’
"a(aABC)  alaACD)  alAADE) Ag
From properties of proportion
(s ABC) + a(2 ACD) + a(a ADE) A8 Y )
AAABC) + als ACD') + a(A ADE) ( AB') Notice
. 8 (polygon ABCDE) _ ( AB Y’ ABY _ (ABY
then:  ogon ABCDE) ”(m) — (A'B’) = ABY
(4) A If polygon ABCD ~ polygon A'B'C'D', -A-A% = % . then write the value of each of
the following:
_a (polygon ABCD) . perimeter of polygon ABCD
a (polygon AB'CD") penimeter of polygon AB'C'D'
B If the two polygons ABCDE and A'B'C'D'E’ are similar and the ratio of their areas
equals 4 : 25
Then write the value of each o

f. AB _perimeter of polygon AB COE
AE penmeter of polygon AB'C'D'E’
€ If the ratio of the perimeters of two similar polygons equals | : 4, and area of the first
polygon equals 25cm*® Find the area of the second polygon.

D If the length of two corresponding sides in two similar polygons are 12cm and 16cm,
and the area of the smaller polygon equals 135cm?. Then find the area of the greater
polygon.

(4) ABCDand XYZLare two similar polygons and : m( .~ A) =40, XY = $ AB.CD = 16cm.
Calculare: first: m(.~ X)
Second: length of ZL
third: a(polygon ABCD) : a (polygon XY Z L)

@ soiution

~" polygon ABCD ~ polygon XYZL

S A Y=ml LX) thenm( LX) =40 (st required)

“Xy=3aB  .28-=% (form properties of progarton)
From similar polygons, we get also -2—';— = %0

% = —%—t— then ZL= 2 ;‘6 = |2cm (s@cond required) F—“m“
a(polygon ABCD): a (polygon XYZL) = (AB) : (XY ) :3 ::ﬁ

= |6k* : 9k* K#0

= 16:9 (hird required)
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(8) The ratio of the perimeters of two similar polygons equals 3 : 4, if the sum of their areas
equals 225¢cm” | then find the area of cach of them,
*.* The ratio of the penimeters of the two similar polygons =3 : 4
.. The ratio of the lengths of any two corresponding sides of them =3 : 4
Let the area of the first polygon be 9x
and the area of the second polygon be 16x

S Ox o 16x =225 .ahenx-;-’j‘—fé-o

.. area of the first polygon =9 « 9 =8lcm?
. area of the second polygon = 16 « 9 = |4dem?

% Try to solve

(.'E Agriculture: Two farms are in the form of similar polygons, the ratio of the lengths of
two corresponding sides of them equals 5:3, if the difference between their areas equals
32 feddans, then find the area of each farm.

(8) ABCD and XYZL are two similar polygons, the diagonals of the first are intersecting at
M and the diagonals of the second are intersecting at N.
prove that a(polygon ABCD) : a(polygon XYZL) = (MC)* : (NZ)*
@ solution
X polygon ABCD ~ polygon XYZL
S AABC ~AXYZ,
ADBC ~ALYZ {tact)

L X
S AMBC~ANYZ  ww) V D A
BC _MC N/
then 37 = Wz " ‘ ‘
" polygon ABCD ~ polygon XYZL Y ) B8
2
. A (polygon ABCD) =(§:_ @ 3 |

a {polygon XYZL) YZ
From (1) and (2) we deduce that:

a (polygon ABCD) : a(polygon XYZL) = (MC)* : (NZ)*
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(_6) ABCD and XYZL are two similar polygons, if M is the midpoint of BC, and N is the
midpoint of YZ, then prove that:
alpolygon ABCD) : a(polygon XYZL) = (MD)* : (NL)

’\_fZ".! ABC is a right angled triangle at B, if AB. BC and AC are corresponding sides of three
similar polygons X, Y and Z respectively, described on the sides of the triangle ABC.
Prove that : a{polygon X) « aipolygon Y) = a{polygon Z)

@ Ssoiution
(ABY

' polygon X~ polygon Z 5o 2 polygon X)

a (polygon Z) ey
s = ., alpolygonY) _ (BCY
. polygon Y ~ polygon Z 00 % = (ACP "
.. a(polygon X) .a(pofynOhY)’(AB)"(BC)':(ABr’(BQ’ ™ Y
" aipolygon2) a(polygonZ) (ACY  (ACY (ACYy
“m(2B)=90" (ABY + (BCY = (AC) @

a (polygon X) X a (potygon Y) =
aipolygonZ) @ (polygon Z)
then a (polygon X) + a(polygon Y) = a(polygon Z)

from (1), (2) we get |

& Try to solve

& ABC is a right angled triangle at A, in which AB = Scm, BC = 13 cm, where AB, BC
and AC are three corresponding sides of three simlar polygons L, M, and N respectively,
described on the sides of the triangle ABC from outside.

If the area of polygon L equals 100cm?, find the area of each of polygons M and N,

e Check your undorstanding

In the figure opposite : ABCD is a parallelogram D A

— AE - B~ 8 =
Fle AB whcn:-éi 5+ DE N C8 = {F}
1) Prove that: A DCF ~ A EAD 4
® F 2222

g
R
@

B
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The Relation Between the

A dsmn
 ——

& e G

@Complete:
A If AABC ~ A XYZ. and AB = 3 XY, then Ses 2 XY

B If A ABC ~ A DEF, area of (A ABC) = 9 area of (A DEF) and DE = 4¢m, then
AB = cm

@J Study each of the following figures, where K is constant of proportion , then complete:
’ A

e ) 8
AB N CO ={E} m (. BAC)=90", AD L BC
area of (A ACE) = 900 cm?® area of (A ADC) = 180 em?® then:
then: area of (A DEB) = om’ areaof (AABC)= cm®

(3) ABCisatriangle, D3 AB where AD =2 BD and E 3 AC where DE // BC
If the area of A ADE = 60cm?, find the area of the trapezium DBCE.

@ ABC is a nght angled triangle at B. The equilateral triangles ABX, BCY. and ACZ are
drawn , prove that : area of (AABX) « area of (ABCY ) = area of (AACZ).

(8) ABC is an inscribed triangle in a cir circle where -—B- = - from the point B, a tangent is

drawn to the circle and intersects AC at E.
ve that; _____m.ol(AABC) =L
P aea ol (A ABE) 10

(6) ABCD is a parallclogram, X 2 AB . X # AB.where BX=2AB,Y> CB .Y # CB .,

where BY = 2 BC. the parallelogram BXZY is drawn, prove that: % =3
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l'_’! A B Cisarightangled triangle at B, BD L AC and intersects it at D. The squares AXYB
and BMNC are drawn on ABand BC respectively outside the triangle ABC:
A Prove that polygon DAXY B ~ polygon DBMNC
B If AB = 6¢m and AC = 10cm, find the ratio between the areas of the two polygons.

‘fi) A B Cis atriangle , AB. CB and AC are corresponding sides to three similar
polygons X, Y, Z drawn outside the triangle respectively. If the area of polygon

X equals 40 cm?, area of polygon Y equals 85 cm® and area of polygon Z equals 125¢m?.
Prove that: the triangle ABC is right angled.

(8) ABCD is a square, AB. BC. CD and DA are divided in the ratio 1 : 3 by the points X,

Y.Z and L respectively.
Prove that: Area of the square XYZL
A XYZLis a square B =3
Area of the square ABCO 8

10) The floor of a GY M rectangular hall of dimensions 8m and 12m. was covered with wood,
for 3200 pounds, Calculate ( use similarity) the cost of covering a larger rectangular hall
of dimensions 14 ¢m and 21¢cm with the same kind of wood and price.
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In each of the following figures, two similar triangles. Write the two
triangles in order of their corresponding congruent angles, and deduce

the proportion of their corresponding sides.
o E &)
O O
8 c .
fgure (3)
# In figure (1): Is there a relation between EA < EB and EC < ED?

figure (1) figure (2)
~ In figure (2): Is there a relation between AE < AD and AC « AB?
# In figure (3): Is there a relation between AD < AC and (AB)' ?
Well known prablem

If the two lines containing the two chords AB. CD of a circle are
intersecting at the point E, then EA « EB = EC « ED

c A

figure (1)

figure (2)

To deduce that:
» Draw AD and BC
# In each of the two figures, prove that the two triangles are similar:

lhené%-%- . EA «EB = EC « ED
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(1) In the figure opposite: AB N CD = {E},
if £ =3 EC=%m and ED=dcm

Find the length EB ‘
B

@ solution
o ; e I )
" EB =3 SLEC=4K , EB=3K where K # 0
*“ABNCD ={E} ..EA<EB=EC<ED (wst known problem)
then: 4K <« 3K =94
12K* = 36
K'=3
K=y3, EB=3/3cm
& Try to solve
(1; Find the value of x in each of the following figures (lengths are measured in centimetres)

D

A - B
) A
' C
g BX——1"
c
".?:llntheﬁgumopposiu:ﬁﬂEB={E}.AB=5cm.
CD =9cm, ED = 3¢m. Find the length of BE

&)

@ solution
let BE=xcm,
“* AB N CD ={E}
S EBxEA=EDxEC  (woll known problam)

B

then: x(x = §5) =3(3+9)
x'+5x-36=0
(x-4ix+9=0

Mixed Xx=-9 relused

. the length of BE = 4cm.
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£ Try to soive
(2] Find the value of x in each of the following figures(lengths are measured in centimetres)
B c)

In the figure opposite: EA isa tangent to the circle
EC intersects the circle at D, C
S AEAY =ED < EC

e .
@ In the figure opposite: EA is 4 tangent to the circle,

EA intersects the circle at D and C respectively. A
where ED = 4cm, CD = Scm, find the length of EA

dom Sem

" EA is tangent, EC is a a secant E vo

S AEAY =ED < EC (Corollary)
(EAF=4(4+5)=36
S EA =6em

& Try to solve

(3) In each of"lhe following figures EA ., is a tangent 1o the circle. Find the numerical values
of x, y and z (lengths are measured in centimetres)
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Conyerse of the well known problem
If the two lines containing the two segments AB and CD intersect at a point E (A, B, C. D,
and E are distinct points)

and EA « EB = EC « ED then: the points A, B, C and D lie on & circle.

Natice that.
EA~EB=EC-ED

EA _ ED
then &5 = &8

# Is & EAD ~ A ECB? Why?
slsm(ZA)=m(/C)? Why?
# Do the points A, D, B and C lie on a circle? Explain your answer.

. Scolution
AD<AB =4 < 15=60,

(4) ABC is a triangle in which AB = 15¢cm, AC = 12cm, D € AB where A D = 4cm, E € AC
AE<AC=512=60
S AD < AB = AE < AC

where AC = Scm, A
Prove that the figure DBCE is a cychic quadrilateral. / ’\
2 \
8
" BE N CE ={A}, AD<AB=AExAC &
sothe points D, B, Cand E lie onacircle  (converse of the well known protiem)
then the figure DBCE is a cyclic quadrilateral

% Try to solve

(4) In which of the following figures. the points A, B, C and D lie on a circle? Explain your
answer.

-

If(EAY =EB - EC
2 then EA is a tangent segment to the circle
L which passes through the points A, B and C.
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(8) ABC is a triangle in which AB = 8cm, AC =4cm, D € AC. D & AC where CD = 12cm.
prove that AB touches the circle which passes through the points B, C, and D

‘ Solution
VAC-AD=4(4 . 12) =64, 4
(AB)Y =(8) =64 !

SAABY =AC<AD

*. AB touches the circle which passes through the points
B. C, and D at the point B.

& Try to solve

5. In which of the following figures is AB a tangent segment to the circle which passes
through the points B, C, and D?

c (-~

(6 Life_applications; Gealogy: In one of the
coastal areas, there is a ground layer in the form
of a natural arc, The geologists found that, it is
an arc of a circle, as in the figure opposite. Find
the length of the radius of the circle's arc,

'_ Solution
let the length of the radius of the circle's arc be r metres C
. AB and CD are two intersecting chords at E /': -\
S EA~EB=EC~ED 8 =z
27« 27 = 9 «(2r-9) 2
2r-9=8lI
r=45
i.e. the length of the radius of the circle's arc equals 45 metres. D
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'ﬁ') Use the calculator or mental math to find the numerical value of x in each of the following
figures, ( lengths are measured in centimetres)

Cc c c

(2) In which of the following figures, the points A, B, C and D Lie on a circle? Explain your
answer. (the lengths are measured in centimetres)

A A B
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@) In which of the following figures, AB is a tangent to the circle passing through the points
B.Cand D.

4 Two circles are intersected at A and B. € 3 "AB and C 3 AB. From C, The two tangent
segments CX and CY are drawn to the circle at X and Y respectively. Prove that CX = CY.

'5/ In the figure opposite: M and N are two tangential circles at E.

"AC touches the circle M at B, and touches the D
circle Nat C, AE intersects the two circles at F
and D respectively,
where AF = 4¢m, FE = S5em, ED = Tem. . o

C

Prove that B is the midpoint of AC A

'8 In the figure opposite: L 3 XY where XL = dem,
YL=8cm, M3 XZ where XM =6cm , ZM = 2cm
Prove that:

A AXLM~AXZY
B LYZM is a cyclic quadnlateral.

(7) AB N TE ={E},AE= 3 BEDE=2EC. If BE=6cm and C E = Sem.
prove that the points A, B, C and D lie on one circle.
(8) AB Cisatriangle. D3 BC where D B = Sem and D € = dem. If A C = 6em. Prove that:
A AC is a tangent segment to the circle passing through the points A, B and D.
B AACD~ A BCA
'€ Area of (A ABD): area of (A ABC)=5:9

@ Two concentric circles at M, their radii are 12cm, Tem, AD is a chord in the larger circle
to intersect the smaller circle at B and C respectively. Prove that AB ~ BD = 95
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10 ABCD is a rectangle in which A B = 6cm and B C = 8cm. "BE L AC and intersects AC
at Eand AD at F.
A Prove that (AB)' = AF « AD.
B Find the length of AF .

(11) Industoy A gear was broken in & machine, to change it,
it is needed to know the radius length of its circle. /:I_\
The figure opposite shows a part of this gear. What is the radius S
length of its circle?

(12 Environment; The figure opposite illustrates
a plan of a circular gardeén involving two
intersected roads at a fountain How for is the
fountain from the entrance C?,

13 Home; Hoda uses a circular grill of a radius 50cm made of £ \
wire to prepare the meat. There are two parallel and equal [ A
wires supporting the gril as shown in the figure opposite. If the
distance between those two wires is 10cm, calculate the length \‘

of those two wires, )

10een

>

(14) Contagt; satellites transmit the T.V programs everywhere ¥
on Earth special dishes are used to recieve the signals of
T.V broadcast these dishes are concave the figure opposite
illustrales a section of such a dish of a diameter length

180¢m.,

+4+ General Exercises |

For more exercises, please visit the website of Ministry of Education,
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Unitsummary
Two Similar Polygons

Two polygons having the same number of sides are said to be similar if the corresponding
angles are congruent and the lengths of their corresponding sides are proportional .

Similarity Ratio ( Scale factor)
If polygon A" B'C' D' - polygon A B C D, then k is the scale factor of polygon A' B'C D' to
polygon A B C D where

-G-8k . Ke0
The ratio of perimeters of two similar polygons equals the scale factor of its similarity.

Corollary (1): If a line is drawn parallel to one side of a triangle and intersects the other two
sides or the lines containing them, then the resulting tiangle is similar to the original triangle.

Corollary (2): In any right triangle, the altitude to the hypotenuse separates the triangle into
two triangles which are similar to each other and to the original triangle

Theorem 1: sss Similarity theorem If the sides of two triangles are in proportion, then the
two triangles are similar..

Theorem 2: SAS Similarity theorem If an angle of one triangle is congruent to an angle of another
triangle and the sides including those angles are in proportion, then the triangles are similar.

The relation between the areas of two similar polygons

Theorem 3: the ratio of the areas of the surfaces of two similar tniangles equals the square of
the ratio of the lengths of any two corresponding sides of the two triangles.

Fact: Two similar polygon can be divided into the same number of tnangles, each is similar
to the corresponding one.

Theorem 4: The ratio of the areas of the surfaces of two similar polygons equals the square of
the ratio of the lengths of any two corresponding sides of the polygons

D Enrichment Infermation

Please visit the following links.
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Y Unitobjectives
by the end of the unit, the student should be able to:

Recognize and prove the theorem - if a line is drawn
pardlel to one side of u triangle and intersects the
other two sides , then it divides them into segmems
whose lengths are proportional”

Recognize mnd prove TALIS gencral theorem®
Given several coplanar parnllel lines and two
transversals...*

Recognize and prove the theorem” the bisecior of

Ratio Median
Proportion I'ransversal
Parallel Bisector
Midpoint Interior Bisector

the inferior (or extenior) angle of o triangle ot any
vertex divides the opposite base,

Find the power of a point w.r. to a circle { secunts
and tangems),

Deduce the measures of angles resulting from the
intersection of chords and the tangents in a circle .
Solve applications about finding the length of cach
of the inerior and the exterior bisectors .

Exterior Bisector
Perpendicular




Peace Bridge { Saes Canal)
Lessons of the Unat
Lesson (3 - 1): Parallel Lines and
Proportional Parts.
Lesson (3 - 2): Angle Bisectors and
Proportional Parts,
Lesson (3 - 3): Applications of
Proportionality in the
Circle.

Matorials

Geometric instruments for drawing and
measurements - Computer - Graphic
programs - datashow - squared paper -
thread - scissors

X/ Brief History

Mathematicians is an intellectual activity full / \

of fun and makes the mind open and clear, and
contributes 10 solving many problems and life
challenges through representing or modeling it by [(P roportionality theotemﬂ

relations in languge of mathematics and their symbols v B
10 be solved, then returned o the physical assets. .’(th Talts gonaral Eowuj
l_ trinagle theotem adecle
Ancient Eqyptions realized so | they set up
: . 3 1traight Bne ke paratiel to
temples and pyrumids s straight lines, some ire o . S %
poraliel and the other are transversals 1o them , length of the | [ Measwe of
and also plowed farmiand in parallel straight lines, l":"':"‘"" ""':.":"'
Ciroeks- has taken Geometry from ancient Egyptiang, m‘:‘" pose
Euclid (300 BC) put geomelric integrated system, of & triange Powerofapaint | [ secant and
was known as Euclideon Geometry depend on Five w20 Gw circle | | langent and
Axioms, the important one is pamliclism Axiom N . angles
which is * From a point does not belong to a straight I T ) B —

line, it is passible o draw only @ straight line passes

through this point and parallel to the given fine” y
The Euclidean Geometry dealing with plance figures m . m

(nangles - polygons-circles ) and three dimensions @ Geogrephy st
figures, they also have practical applications in v geology
various fickds including construction of roads. urban (T e—v

planning and preparation of maps, which rely on Agrcuttire

paralie] Tines and transyersals to them according to
the real fength and drawing length (scale drawing). \




1- Draw the triangle A B C, determine the point D € AB

o tranghe, then draw DE // BC and intersects AC at E.
* e praprticn In ciodition < 2. Find by measuring the length of each of:
AD, DB, AE and EC

warweras of st e 3« Calculite each of the ratio 52, 88 ¢ P )
e e b and compare between them , what do you notice?
protiesm inchafing paraiel b 2 S - .
NN If the location of DE has been changed preserving parallelism to
BC.
Is the relation between A2 and AE changed? What do you
EC
deduce?
Key-terms e
o) "‘-\l::::‘i:dmwmmddodamw
> sl L/ the other two sides, then it divides them
» Mdpont into segments whose lengths are proportional. )
» Mndian Given: ABC is 4 triangle, DE // BC A
* Tramaversal
R.Lp:%s—g-
Proof: *.* BE // BC ¢ ;
AABC AADE (simiarity postulate) 7 -
hekiseiE O : -
“DeAB.EeAC
Materials o . AB=AD DB ,AC = AE + EC (2
o from (1) and (2) we get:
AD+ D8 _ AE + EC
: ADAD DBAE AE EC
* Compute <02 L UB £
1 .2B_, EC
Nonem AD AE
08 _EC
AD ~ AE

from the properties of proportion, wegct.—--—-(QE.D)
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SRS

Notice that,
.. AD _ AE . AD+DB _ AE+EC
‘DB EC DB EC
_AB _ AC
—— B —
DB EC

- A
"1/ In the figure opposite: XY // BC, A X = I6cm, BX = 12cm. /\‘
A If AY =24cm, Find YC. /* - \",ﬂ
%

B If CY =2lcm, find AC.
c - B
@ solution

A%V I/l Be . AX _ AY

S XY /I BC B YE

.16 _ 24 . 12x24

and: N S YC= 6 = |8cm.

II— vy .ig A—c.
B - Xy/BC B ™ OF

,16+12 _ AC . 2821 _
and: 7 5 S AC % 49¢m.

1) In cach of the following figures : DE // BC. Find the numerical value of X (lengths are
measured in centimetres)

MU.WN&&MﬂM&MABCMMmM
the triangle, say BC intersecting AB and AC at D and E, respectively as

L mmwm.m:g-%&.
and from the properties of the proportion we can deduce that:
AD _AE AD _ AE i A
AB AC ' DB CE
C 2]
- - o
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(2] In the figure opposite: CE M BD = {A}, X € AD
Y € AE where XY // BC // DE.
If AB = 6cm, AC = 5¢m, AE = |2C£l-. EY =4dcm.
Find the length of each of AE and DX.

@ Ssolution

*ED // BC L,CENBD = (A}

. AD _ AE 12 _AE e

B NG and e =’s AE =

In & AED: -

XY I ED '.E'; -6;

Jg-.g. a -

and‘ = DX =48cm

£ Try to solve E

(2, In the figure opposite: DE // AC , AE 1 CD = {B}
A If: AB = 8cm, BC =9¢m, BE = 12cm,
Find the length of BD,
B If: AB = 6¢m, BE = 9cm, CD = [8cm, D A
Find the length of BC.

o

.: & If a line intersects two sides of a triangle and divides them into segments
,? whose lengths are proportional, then it is parallel to the third side of the

" triangle.

A
E 0
Cc B
c B E D C 8

In the previous three figures: ABC is a tmangle, DE intersects AB at D and AG at E,

AD-LE- - . -
DB-Ecthen DE // BC

Logical thinking: Is A ADE ~ A ABC? Why? - Is .~ ADE = .~ B? Explain your answer,
Write a proof for the converse of the theorem.
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~ Parallel Lines

(3 In the figure opposite: ABC is a right angled triangle at A

A Prove that: DE // BC. B Find the length of BC.
@ solution ¢
A - the trinagle ADE is a right angled triangle at A
S AD=25-16 = 3em (Pythagorian theorem)|
JAD _3_ 1 A _4_ 1
BT eT 2., EC 8" 2
AD _ AE D I/ BC
6 ~.EalhenEDHac
: . , AD _DE _1
G AADSE~?ABC(why’) )
lmn¥=§ BC = 15¢m

& Try to solve.
{3} In each of the following figures, determine whether if DE // BC or not?

(8) ABCD is a quadrilateral in which X € AB, Y € AC where XY // BC.
draw YZ // CD and intersects AD at Z. Prove that XZ // DB.

@ solution
In A ABC: a% R
XY [ BC pos .)-(E B-;-c- (1
In AADC;
v-— ~ . _A_z_ ﬁ
S Y2 CD “m'vc (2)
frommm@wededuceﬂm:%:-gzi
In A ABD;
‘b_Al:.A_z. - N I~
"X ) L. X2/l pB
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£ Try to solve
(4) ABCD is a quadrilateral, its diagonals intersect at M. draw ME // AD and intersects AB at

E. draw MF // AD and intersects BC at F. prove that: EF // AC a X b
Logicalthinking: If E. F, X and Y are the mid-points of the sides AB , 8C .

CD and DA in the quadrilateral ABCD respectively.
Is the figure EFXY a parallelogram?,

Understand: What is the request? When the figure EFXY is a paralielogram?

Plan; form triangles , by drawing BD which divides the figure into two triangles.

8

~+ E is the mid-point AB —  EY // DB

A ABD — A
2 —— —
i e ) EY /| FX
~* F is the mid-point BC — FX // DB the ﬁg|_m:
ACBD - ; <o EY = FX EFXY isa
s X is the mid-point DC .J FX = % BD parallelogram

Solye: Write the suitable mathematical statements for proof and their justifications.
A

Verify: Search, Is EF // X¥? explain your answer.

£ Try to solve
5. In the figure opposite: ABC is a triangle, D € AC,

DE // AB, DF // AE == B
Draw a chart which show how to prove that (CEY = CF « CB.

(§) GPS:; to determine the location C,
Surveyors measure and prepare the scheme opposite.
Find the distance between the location C and the location A,

@ solution c
AB L BD,CD LBD ..AB// CD
‘* ACNBD={E} ., AB/ CD

. EA _EB

680 45
- thanc

""AC BD 45 + 105
S AC= !‘i-;;ﬂzmmcu‘cs.
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£ Try to solve

:6) Bollution Contral: A team of pollution control

determined the location of an oil spot on one of
the beaches as in the figure opposite. Calclate the
tength of the oil spot.

You have noticed the possibility of using a parallel line to
one of the sides of a triangle in many life applications.

The figure opposite shows a door of one of the plant nurseries
made from wooden parallel pieces and other transversals to '
them.

Is there a relation between the lengths of intercepted parts of
these parallel pieces?

To investigate the existence of a relation or not, make a model to the problem (make a
mathematical model to the problem) as follows:

1- Draw thelines L // L,/ L, // L and M, M' are two transversals to them
atA.B,C.D and A, B .C,D

as in the figure opposite. . f V\
A A
2- Measure the lengths of line segments. and compare L= >
the following ratios: P B] \B <
AB  BC €D AC ‘ / \
A ed b A" s c
What do you deduce?
L& 0
Talis' Theorem = J \

“Gmmwmmummmmm
K‘/ of the corresponding segments on the transversals are proportional,

Given: L // L, // L // L and M, M are two transversals to them Y M

Rip :AB:BC:CD=AB ;BC:CD by 7.
Proof : Draw AF // M', and intersects L at E and L, at F, L

BY // M'and intersects L, at X and L, at Y.
“*AA' /| EB . AE /| A®
. AEB'A’ is a paralleogram . then AE = A'B L
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Similarly: EF=BC' , BX=B'C , XY=CD

In AACF:

—— AB _ AE
f "o — R —

BE // CF o " B

L AB _ AB AB _ BC

then: 5 = BO ' AR = BO (@xchange the means) (1)
similarly ABDY:

BC_BC BC _ CD
“Cb-Cp ' BC - CD (axchange the means) (2}

AB _ BC _ CD

AB BC CU
SAB:BC:CD=A'B:BC:CD Q.ED.

& Try to solve
(7) Write the value of each of the following ratios, using the previous figure:

A AC 8 25 c £ D A E) 28
co cB DA AR AB

(8 In the figure opposite: AB // CD // EF // XY, e. 25
AC =28cm, CE = 20¢m, DF = I5cm, FY = 33cm.
Find the length of each of: BD and EX X

@ sotution
‘*AB// CD !l EF I/ XY
. AC _ CE _ EX

-<

0 F 15em [ 2]

—_—=——= S.BD=21cm . EX =44¢m.

& Try to solve

(8) In each of the following figures the red lines intersect parallel lines. Calculate the
numerical values of x and y. (Lengths are measured in centimetres)

A i3 B8 P .4 (€ A
oy QB DR B
FF X
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Special cases.
1= If the two lines M | M intersect at the point A

- . AB _ AB
and: BB // CC'. then: % =0
o1 AB - AB
and conversely: If; 0 = AC

then: B8’ // CC'

Talis's Special theorem

2- If the lengths of the segments on the transversals are equal,
then the lengths of the segments on any other transversal -
will be also equal. L
In the figure opposite L // L,/ L /L, and M, M are two
transversals o them and AB=BC=CDthen AB =BC =CD 1,

e ompie| :

‘7 In te figure opposite , find the numerical value of x and y.

‘.Oﬂnbn
“*AB // CD // EF , BD=DF
S AC=CE

then; 2x ~-3=x+2 ,.X
BD=DF, x=5 AR

|

5
3=S5+1 o y=3

Yousef wanted to divide a strip of paper into
3 equal parts in length, He placed it on a paper
on his notebook, as in the figure opposite, and
determined two points of division A and B.

Is the division of Yousef's strip correct? Explain
your answer, Use your geometric instruments to
venfy your answer.
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(8) Industry: Fertilizer packages produced fromoneof €
the factories are transfered by sliding on a tube that
is inclined and carried on to trucks to the centre of
distributions as in the figure opposite. %
If D, E and F are the projections of the points A, B
and C on the horizontal respectively, AB = 1.2m, o
DE = 80cm , EF = 12m. Find the length of the tube 2w
to the nearest metre .

@ solution
** D, E and F are projections to the points A, B and C on the horizontal .*, AD // BE // CF

TR~ v __A(_:___l_)f,_Aﬁ_tzoO.a
. AD /! BE // CF , AC , DF are two transversals to them R DE 13 0B
.~.AC=L23‘3‘3--§= 19.2 m 5 AC = 19 metres

& Try to solve

Logical thinking
3 B
e LHES 1 Juiwlel
A ! P,I
0 <£S»SB -
i
If AB = I80cm, EF =2m . +4
’ LA |
AB:BC:CD=5:4:3 A%
Find the length of EY.and CD |
. : 4 " 3 0
e b — by ) el KES

From the figure | find the value of % n
different methods, if possible.
Did you get the same result 7

e Check your understanding

Problem selving: A B is a ladder of length 4.1 metres rests
by its upper end A on a vertical wall and with its lower end B
on a horizontal rough ground, If the lower end is 90 ¢m apart
from the wall. Calculate the distance which a man ascends
on the ladder until it becomes at 2.4m high from the ground.
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@ Exeorcises (3 - 1)

(1) In the figure opposite: ED // BC . Complete:

A
Al AD g AB &
A if 5= 3 then : 55 =—— and £ = — E ’
. CE 80 ;
B if—:—f—:--;-.then:-g--- and 25 =— 7
c £ B8
(2) In the figure opposite: DE // BC. Determine the correct statements in each of the
following:
A AB  AE g AD BD &
DB T EC AE - EC
. AB AC AB  ac
Cw=2¢ P®m=e E <
AC A CE aC c <
E -A—-D—aﬁ F -ﬁ-a-A—e— B

@l In cach of the following figures: DE // BC. Find the numerical value of X tsengih in cossimetres).

A - B ¢ c B

(4 In the figure opposite: AB // DE and AE N 8D = {C}
AC = 6cm, BC =4cm and CD = 3em,
Find the length AE
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(8) XY N ZL ={M}. where XZ // T¥. If XM =9m, Y M = |5c¢m and ZL = 36 cm,
find the length of ZM .
(8) For each of the following, use the figure opposite and the given data to find the value of x:
A AD=4 ,BD=8 ,CE =6 and AE=1x. A
B AE=x . EC=5 , AD=x-2 and AD=13.
C AB=21 , BF=8 , FC =6 and AD=ux.
D AD=x , BF=x-5 and 2DB=3FC =12,

(7) In each of the following figures, Is XY // BC?

Jem Y 1Sem

(8) XYZ is a triangle in which XY= I4cm, XZ = 2lem and L 3 XY where XL = 56¢m and
M 3 XZ where XM = 8.4cm. Prove that TM // YZ

'9) Inthe triangle ABC, D3 AB, E AC .2and SAE = 4 EC.
If AD = 10 ¢m and DB = 8cm. Is DE // BC ? Explain your answer.

'ﬁ,@i ABCD is a cyclic quadrilateral, its diagonals are intersected at E. If AE = 6ecm, BE =
13cm, EF = 10cm and ED = 7.8 em. prove that ABCD is a trapezium.

13, Prove that the line segment drawn between two mid points of two sides in a triangle is
parallel to the third side and its length is equal to a half of this side.

(12 ABC is a triangle, D 3 AB where 3AD =2DB and E 3 AC where SCE=3A Cand
AX is drawn to intersect BC at X. If AF = 8cm and AX = 20cm where F 3 AX . Prove
that the points D, F and E are collinear.

13 ABC is a triangle, D 3 BC ., where %—é— = % and E 3 AD , where -2% = -3- AE is drawn to

intersect AB at X, DY // CX and intersects AB at Y. Prove that AX = BY.

4135 ABCD is a rectangle, its diagonals are intersected at M. E is the mid point of AM , F is the
midpoint of MC. DE is drawn to intersect AB at X and DF is drawn to intersect BC
at Y. Prove that: XY // AC.
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G E =
(18 In each of the following figures, calculate the numerical values of x and y (lengths are
measured in centimetres)

& N B c
15
]
10 12
s = - 2 Al !

17 In the figure opposite:
AB NTD ={M},Es M8,
F>MD and AC // FE // DB.

@E& Write what each of the following ratios equals using the figure opposite:

AB _ DE

BC
Mo

8 25 2|E
3R

E
F

AC
B &= EF

0 38 =DE

Find:

‘A The length of MF.
B The length of AM.

(18 "AB N CO ={E}, x5 AB,y> CD and XY // BD // AC
Prove that: AX « ED = CY « EB.

@ In each of the following figures, calculate the numerical values of x and y:

@ ABCD is a quadrilateral in which AB // CD, its diagonals intersect at M and E is the mid
pointof BC . EF // BA and intersects BD at X. AC atY and AD at F.

prove that:
A EY= % AB.
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3-2
You will learn U _—
o

Pt duca S nd 4. Draw the triangle ABC, and draw AD to intersect BC at D.

of triangles .

¥ Ure progertion va calcilte 2- Measure ¢ach of BD. CD. AB. AC.

the lerizins of ne sagmary an

resttng bom ssecing . 3= Calculate each of the two ratios -g%.;c- \%

BRGS0 and compare between them.

» Modellng and sobving e

Probiemms. inChaing Draectcrs of What do you deduce?

angles ol truargle 4 .

Does your deduction verify? Express

Repeat the previous work many times, & =
your deduction. \

Key-terms - Bisector of an Angle of a Triangle

» Bsecw

Q
(o} -
','.";"\m bisector of the interior or exterior angle of a |
- #" " triangle at any vertex divides the opposite base
of the triangle internally or externally into two

S parts the ratio of their lengths is equal to ratio of
the lengths of the other two sides of the triangle.
Materials G
o
@ 8 /o c
» Geometne mstrusvents for .
P Given: ABC is a triangle, AD bisects .~ BAC

b Computor et Gungh grogranw, LiNRETNAILY in figure A | externally in figure B).
* Data show, . Q - —A.B-

Rt DC  AC

Proof : Draw CE // AD and intersects BA at E. Follow the following

chart and write the proof.
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‘n‘/ . s :

ADbisects ZF A ——e ZI1=22

ZV=74 J3=/4
— — {altemals)
CE // AD 1
3= 22
(camresponding) —
AE = AC BD AB

(1) ABC s a triangle in which A B = 8cm , AC = 6cm , BC = 7em , AD bisects 2 BAC and
intersects BC at D. Find the length of DB, DC

@ solution
** AD bisects ~ BAC .-.%:% (thooren)
**AB =8cm. A C = 6cm -.%:%:%
BC=BD.DC=Tem ..;22-=3
3IBD =28 -4 BD (Crass maultghcatys)
7BD =28 S BD=dcm , CD=3cm

(1) In each of the following figures, find the numernical value of x (lengths are measured in
centimetres)

‘:@ ABC is a wiangle. Draw DB bisects ~ B , intersects AC at D, where AD =__I4gﬂ
DC = 18cm. If the perimeter of A ABC equals 80cm, find the length of each of: BC. AC.

@ solution B
In AABC
- DB bi . AB _ AD
.DBblm48 nqm-m

~.* the perimeter of AABC = 80c¢m, AC = 14 + I8 = 32cm ¢
S AB + BC =80- 32 =48cm
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LAB 7 ., AB+ BC 748 -

'5-0-‘9 oo BC = ° (propenies of proparton)
48 _ 16 .

lhcn-a—c--—é- SBC=27cm ., AB=2lcm

& Try to solve

(2) ABC is a right angled triangle at B. draw AD bisects .~ A, and intersects BC at D.
If the length of BD equals 24cm, BA: AC =3 : §, find the perimeter of A ABC.

Important note
1+ Inthe triangle ABC where AB # AC:
If AD bisects .~ BAC,
AE bisects the exterior angle of the triangle at A,

— — T —

i.e. BC is divided internally at D and externally at E by the same ratio
then the two bisectors AD and AE are perpendicular. why?

2- If AB > AC and the bisector of .~ A intersects BC at D where BD > DC. The bisector of
the extenor angle of the triangle at A intersects BC at E where BE > EC.

Critical thinking
# What happend to the point B, when AC is enlarged?

» When does the point D lie if AC = AB? and what is the position of AE w.r. to BC at then?

# What is the relation between DC and DB, when AC > AB? Where does the point E lie at
then? Compare your answer with your classmate.

@) ABC is atriangle in_:vhich AB=6cm AC=4om  BC= Scm.;x.ﬁ bisects .~ A and
intersects BC at D, AE bisects the exterior angle at A and intersects BC at E. Calculate the
length of DE.

‘ Solution
"* AD bisects .~ A and AE bisects the exterior angle at A F
. D, and E divide BC internally and externally by the same ratio.

'.'BC=BD~DC:5.BE ECBBCBS S— Y Y —
From the properties of proportion , we get
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Angle Bi

= S5 =
oG 2 pc 2 . DC=2
BE-EC _3-2 Bak s =
S ==3 ~~EC=10
then DE =DC « CE DE=2+10=12cm

& Ty 1o soive
(3 ABC is a riangle in which, AB = 3cm, BC = 7em, CA = 6om, AD bisects /A, and
intersects BC at D, AE bisects the exterior angle of the triangle at A and intersects CB at E.
A Prove that AB is & median in the triangle ACE.
B Finding the ratio of area of ADE to the area of ACE,
Finding the length of the interior and the exterior bisectors of an angle of a triangle
woll o ;i
Knowe' 1t AD bisects / Ain A ABC internally and intersects BC at D
t?"‘ then: AD = /AB - AC - BD - DC

Given: ABC is a triangle, AD bisects .~ BAC internally, AD M BC = {D}

R.t.p.: (AD)Y'=AB -AC-BD - DC A

Proof: Draw a circle passes through A ABC
and intersects AD at E, draw BE = / 8
then: AACD ~ AAEB  (why)?, 42 = 2€ /
SADCAE=AB <AC
AD < (AD+ DE)=AB <AC

(ADY =AB «AC AD - DE
sAD)" -AB{;:CAbBD x Dgc " Remember
e AD = X - BD ~ AD «DE=BD - DC ’

(@) ABC is a triangle in which AB = 27cm, AC = 15cm. AD bisects ./ A and intersects BG at D.
If BD = 18cm. Calculate the length of AD.

Cm
** AD bi / .80 _A8
. AD bisects .~ BAC “BDE=AC
18 _ 27 . &
thenE-‘s S DC=10cm

‘*AD=JAB<AC  BD »DC
SAD=J27<15- 1810 =335 =15¢cm

& Try to soive
(4) In each of the following figures (lengths are measured in centimetres), Calculate the
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value of x and the length of AD

Natice that: In the figure opposite AE bisects
 BAC externally and intersects BC at E. then:
AE = J/BE - EC - AB - AC

& Try to solve
55, In each of the following figures (lengths are measured in centimetres), Calculate the
value of x, and the Ingth of AE

E [l 1) C D 8

151 In the figure opposite: AD is a median in A ABC
DX hisects .~ ADB. and intersects AB at X.
DY bisects .~ ADC and intersects AC at Y.

Prove that :XY//BC.

@ Ssolution
~! ".-. \ - 2 .A._ng—A-&
In A ADB: . DX bisects .~ ADB D8 xs (1)
)y .-—'. X g . ...A.E. -A_- [}
InA ADC: " DY bisects .~ ADC o (2
InA ABC: - AD is a median S DB=DC e
AX _ AY — —
from (1), (2) and (3) e then XY // BC.
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& Try to soive

-
8

), In each of the following figures, prove that: EF // BC
B

In the figure opposm De BC.
How can &ou draw CE to intersect BA at E 10 calculate
thc rauo E

lf —=— What do you deduce?

C
Spodalcms A
1- In AABC:
BA
e BC.thl'c -D-c-ﬂz-é-

then: AD bisects,” BAC

BA
NEe BC E¢ Bc.whcre-e—c--ﬁ
then: AE bisects the exterior angle of AABC
at A, and it is defined by the converse of the previous theore

2- In the figure opposite: ¢

BE. CE are bisectors of angles B and C
intersecting at the point E € AD. What do you deduce?
Eact: The bisectors of angles of a triangle are concurrent,
= .

(6) ABCisatriangle in which AB = 18cm, BC = 15cm, AC = 12cm, D € BG, where BD-OLm
AE L AD and intersects BC at E , prove that AD bisects .~ BAC, then find the length of GE.

@ solution

In AABC: -—:—‘% %

CD=BC-BD=15-9=6cm

8
AD AD bisects .~ BAC

and intersects BC at E
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then BE _ AB

.. AE bisects the exterior angle of AABC at A B = a0

e i " . 154+CE _ 18 — A\
+“BE=BC+CE .. ot "1 " CE = 30cm

7 ABCD is a quadrilateral in which AB = I8cm. BC = 12cm. E € AD where 2AE =3 ED,
EF // DC and intersects AC at F. prove that BF bisects .~ ABC.

’:.7_.\' AB is a diameter of a circle, AG is a chord in it, CD is a tangent drawn to the circle at C,

and intersects xﬁ at D.
DB _ DC

if E € AB where BE = o Prove that:
A AC bisects the exterior angle of CDEat C. B ‘g%'ﬁ%
@ solution
..DB _DC
BE (1 C

" BE CE
*. CB bisects .~ Cin A DCE.
- AB is a diameter in the circle

' aini o NS A E E D
Somi(ACB =90 thenCA L CB
*,* €B bisects .~ Cin A ABC

*. CAis the bisector of the exterior angle at C
(the bisecion of Ihe angle are pempeadicular) (irst regqured)

DC
then 22 A = CE (@)
DA _ D8 DA _ AE .
2 T — i — —— —
from (1) and (2) we get: % = BE “IE = BE {second requwad)

& Try to solve

\8, Two circles M and N touch externally at A. A straight line is drawn pamllel to MN and
intersects lhe circle M at B and C and the circle N at D, E respectively. if BM N EN = {F}
. prove that AF bisects .~ MFN,

9 Check your understanding

problem solving: The figure opposite shows a rectangular piece o A
of land is divided into four different parts by the two lines BD and

AE, Where E € BC. BD N AE = {X}. X
If AB = BE = 42metres, AD = 56 metres.

Calculate the area of the piece ABX in square metres and the
length of AX,
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@ Exercises (3 - 2)

antheﬁgmoppm AD bisects .~ A. Complete: s
A'-i.-i—- . -A_c-.-
" DC AB
c %—z ° AB«CD = c B8
(2] In each of the following figures: find the value of X (lengths are estimuted in centimetres)
A B A
A
=
n
A R

(3) ABC is a triangle, its perimeter is 27cm, BD bisects .~ B and intersects AC at D.
If AD = 4cm and CD = Sem, find the length of AB , BC and AD

Q lnmhdthefoﬂowhg!humﬁndﬂwvnlueofx unenﬁndlhepenmeterofAABC

A A

(5) ABC is a triangle in which AB = 8cm, AC = 4cm and BC = 6em and AD bisects .~ A
and intersects BC at D and AE bisects the exterior angle at A and intersects BC atE.
Find the length of DE, AD and AE.

(8 In each of the following figures, prove that XY // BC

A e B
A
Yem yoon
X
C Gon
B
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(?,' In each of the following figures. prove that BE bisects .~ ABC.
A

(8 In the figure opposite: ED / XY // BC and
AD xBX =AC = EX.

Prove that AY bisects .~ CAD.

(9) ABC is a triangle, D 3 BC , D » BC where CD = AB,

CE // DA and intersects AB at E. EF // BC and intersects AC at F. Prove that BF

10 In the figure opposite: ABC is a triangle in which AB = 6cm, AC = 9¢m and
B C = 10¢m. D2 BC where BD =4cm .

BE L AD and intersects AD and AB at E and F respectively.
A Prove that AD bisects ./ A,

B Find area of (A ABF) : area of (A CBF)
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How can we construct a line segment such that its length | is a middle

proportional of the lengths x and y for the given line segments?

* AADB ~ AACD (Why?)
x ! . . -
then =5, P=x«y ielis a middle proportional to x and y

. Group work

Construct a line segments of lengths 3, y15 and V24
Compare your drawing with your classmate and check your answer
using the calculator and measurement.

First : Power of a point with respect to a circle

=

petmitish, Power of the point A w.r. to the circle M whose
L/ radivs r is the real number P (A) where:

P(A)=(AM)* -
Imporiant Notes
- -
You can expect the position of point A w.r. to the circle M
If: P,(A) >0 then A lies outside the circle,

P,CA)=0 thenA lies on the circle.
P, (A) <0 then A lies inside the circle,

M

Student book - First term
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You will learn

+ Pt the power of & point w1,
80 the crle,

+ Determice the podtion of &
PoMR W, the Ccle

+ Firndd the mewures of the
resulting angles from the
intorsection of chonde and
tangents in the crcle,

* Modetng st 1ching problerms
80 Ded the length of the
intrornal anc extaenal biector of
he angle.

Key - Terms

* Fower of » posmt

* Circle

» Chond

* Tangor

* Secant

» Olarrwter

» Concentric Circles

+ Commen External Tangent
* Common Imernal Tangent




(1) Determine the position of each of the following points A, B and C w.r. to the circle M in
which its radius equals Sem, if :
P,(Ay=11. P,(B)=0, P, (C)=-16, then calculate the distance between each

point to the centre of the circle.

@ solution
P (A)=11>0 .- A lies outside the circle
VP LA) =(AMP - S =(AMP -25 S AM = 6em
“P,(B)=0 .. B lies on the circle . BM =5¢m
W PLIC) =16 . C lies inside the circle
VP (C) = (CM) - S 6= (CM)* - 25 S CM = 3em

& Try to solve

(fl) Determine the position of each of the following points A, B and C w.r. to the circle N in
which its radius equals 3 em in each of the following cases.
A P (A =15 B P,(B)=0 CP(C)=4
m B /T;—")\
If the point A lies outside the circle M N ™)
then : P, (A) = (AM)* - ¢* 3

=(AM - 1) (AM + 1) CU -
=AB « AC = (AD}

", Length of the tangent drawn from A to circle M = J PL(A)

~

Nole 3
If the point A lies inside the circle M, then: P (A) = (AM)" -~
=(AM - (AM - 1) c 8
=-(r-AM)(AM - 1) @
=-AB ~AC -’
In general
A lies outside circle M A lies inside circle M
() c
B8
a8
A - C
)
C -
P(A)=AB <AC=AB «<AC =(AD) P(A)=-AB~AC=-AB «AC
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@) The radius of circle M equals 31em. The point A lies at 23cm distance from its radius
centre. Draw the chord BC where A € BC , AB = 3 AC. Calculate:

‘A length of the chord BC and the centre of the circle.
B The distance between the chord BC
@ solution
In the circle M:

A cr=3lem, AM =23¢m, A € BC
. A lies inside the circle, then 8

P(A)=(AM) - £ =-ABxAC ‘d
Cc

(23 - 31 = -3AC~AC .. AC=12cm
.. Length of the chord BC =4A C =4~ 12 =48cm

B let the distance between the chord and the centre of the circle be MD where MD L BC

" MD L BC = D is midpoint of BC , then BD = 24cm
S (MDY = (317 - (24) = 385 SoMD = /385 = 19.6cm
% Try to solve

(2 The radius of circle N equals 8cm. The point B lies at 12cm distance from its centre, draw
a straight line passes through the point B and intersects the circle at C and D. where CB =
CD. Calculate the length of the chord CD and its distance from the point N.

(3) Twocircles M and N are intersecting at A and B. C € BA, C ¢ BA, draw CD to intersect
the circle Mat Dand E where_
CD =9cm, DE = 7cm, draw CF to touch the circle N at .

A Prove that P (C) = P, (C).
B 1f AB = I0cm. Find the length of each of AC and CF.

@ solution
A - Clies outside the circle M, CE and CB are two secants to the

circle M.

S PUC)=CD-CE=CA-CB (1

. C lies outside the circle N, CB is & secant, CF is a tangent toit.  F

S PUC)=CA <« CB = (CFy (2
from (Hana @ S PUC) =P (C) =9« 16=144

B -AB = 10cm S PUC)=CA(CA - 10)=(CFy = 144
C(CAP - 10CA =144 S CA=8cm
(CFP =144 S CF=12cm
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Imperiant note
The of points which have the same power with respect to two distinet circles is called the
principle axis of the two circles.

TP, (A) = P (A) then A lies on the principle axis of the two circles M and N.
In the previous example, notice that : P (C) =P (C) . P (A)=P (A)=z¢er0, P, (B) =P (B) = zero
. AB is the principle axis to the two circles M, N,

& Try to solve

(3) The two circles M and N are u-)_g.ching cach other externally at A, K—E'.is a common
tangent to the two circles M, N. BC intersects the circle M at C and D, BE intersects the
circle N at E and F respectively .
A Prove that: AB is the principle axis to the two circles M and N |
B I P, (B)=36,B C=4cm, EF=9m. Find the length of CD, AB and BE.

Second: secant, tangent , and measures of angles

You have studied before:

1- The measure of an angle formed by two chords that intersect inside a
circle is equal to half the sum of the measures of the intercepted arcs.
In the figure opposite: AB NGO = {E}

then: m (. AEC)=%[m(’A?)~m(ﬁ\)l

2- The measure of an angle formed by two secants drawn from a point
outside a circle 1s equal to half the positive difference of the measures
of the intercepted arcs.

C
SR D=7
In the figure opposite: AB N CD = {E} ‘
e ) S E
then: m (.~ AEC)=21| m('AC) - m( DB))
& : -
& Try to solve

{4 In each of the following figures: Find the value of the symbol used in measure.

=

fig

Investigating measure of the angle resulting from the intersection of a secant and a
tangent (or two tangents) to a circle .
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—\mmdnaﬂemwaswutndam«mm
drawn from a point outside a circle is equal to half the positive difference
L of the measures of the intercepted arcs.

Proof
First case: Intersection of a secant Second case: Intersection of two

and a tangent 1o a circle, tangents 10 a circle.

D D
X C
C
~ 3] ol
A

' 2 DCB is an exterior angle of A ABC .t~ DCRB is an exterior angle of AABC
Somi S A)=m(2 BCD) - m(~ CBA) Som 2 A)=m(2 BCD) - m(~ CBA)

=1m(BO)-3m("BC) =1m(BXC)-zm(BC)

=3Im(BO) - m("BC )] =2Im(BXC)-m("BC)|

& Try to solve

(5, Use the given data in each figure to find the value of the symbol used in measure.

o B
(RS ¢ v
C
A
XV 5 A

l'.?,'l Satellites: A satellite revolves in an orbit and keeps in during rotation on a fixed height
above the equator. The camera can monitor the arc length of 6011 km on the surface of
the earth. If the measure of the arc equals 54° , find ;

A Measuring the angle of the camera placed on the satellite.
B The radius length of the Earth of the equator.
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@ solution

Wodclmg problem: Consider the circle M is the circle of the equator and
m(BC) = 54", lengthofac 6011km, A

A - measure of the circle = 360" -
s.m( BOC )=360" - 54" = 306’ C
thenm (.~ A) =%lm( BOC ) - m(’B—a)l

=2 (306" - 54°) = 126'

D
B In the circle , the arc length is proportional to its measure - =
6011 2 L
. ~or=6377.87km
2xA N 360 T g |
.. radius length of the carth at the equator =~ 6378km . - -~
& Try to solve
C

(6: A pulley rotates at the axis M by a strap passes over a small pulley at

A_If the measure of the angle between the two pants of the strap is ‘
407, Find the length of the major arc BC , given that the radius length ,

of the larger pulley equals Ycm.

7. In the figure opposite: the radius length of circle M

equals 9 cm, AB and AC are two tangents 1o the circle at

B and C . AM intersects the circle at D and BC at X . BD
is drawn to intersecet AC at E. If P_(A) = 144, Find:

A length of AB
B length of AX.

e Check your understanding

Problem solving: the figure opposite illustrates a plan
of a circular garden. Two corridors are established for
pedestrain Crossing tunnels, one of them is outside the
garden and touches it at the point B. while the other one
intersects the garden at two points C and D. The two
corridors are intersecting at A,

IfP (A )= 100, AC = 5 metres.

find the length of AB and CD. then find m(BD ).
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B e

(D Determine the position of each of the following points with respect to the circle M, of
radius length 10cm, then calculate the distance between each point from the centre of the
circle,

AP (A)=-36 B P (B)=9 C P(C)=2zero

@ Find the power of the given point with respect to the circle M which its radius length is r:
‘A The point A where AM = 12¢m and r = 9¢m
B The point B where BM=8cmandr= 15cm
"ci'l'hepoimahcrc CM=T7cemand r=7 ¢m
D The point D where DM= /17 cmand r =4 cm

(3) If the distance between a point and the centre of a circle equals 25cm and the power of this
point with respect to the circle equals 400. Find the radius length of this circle,

(8) The radius length of circle M equals 20cm, A is a point distant 16em from the centre of the
circle, the chord BC is drawn where A 3 BC and A B =2 A C, Calculate the length of the
chord BC.

@ In the figure opposite: the two circles M and N are intersected at Aand B
where AB N CO N EF ={X},XD=2DC,EF= 10cm and
P, (X)= 144,
‘A Prove that "AB is a principle axis to the two circles M and N.
B Find the length of XC and XF
€ Prove that CDFE is a cyclic quadrilateral.
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‘7 In the figure opposite: m(~ BAC) =33, m(“BDC)=70",
m( AB ) =94, X("CY )= 100° Find the measure of each of:
A Xy ’
B AX
C . BEC

(8) Industry; Acircular saw for cutting wood, the radius length
of its circle equals 10cm. It rotates inside a protective
container. If m(.~ BAD) = 45" and m(fﬁ) = 155" Find the

arc length of the disc’s saw outside the protective container.

(9) Communication; The signals produced from the
communication tower follow a ray in their pathway, its starting
point is on the top of the tower and it is a tangent to the surface
of the earth, as in the figure opposite. Determine the measure

of the arc included by the two tangents supposing that the ©
tower lies at sea level, and m( .~ CAB) = 80°

W A‘

Please visit the following links.

oar General Exercises ~

’ For more exercises, please visit the website of Ministry of Education,

Student book ~ First term




Unit summary

Theorem 1: If a line is drawn pamallel to one side of a triangle and intersects the other two
sides, then it divides them into segments whose lengths are proportional.

Corollarcy: If a straight line is drawn outside the triangle ABC D E h
parallel to one side of the triangle, say BC intersecting AB A
and AC in D and E respectively as shown in the figures
AD _ AE Sammem—
, AB - AC e B ¢ < b

Converse of theorem 12 If aline intersects two sides of a triangle and divides them into segments
whose lengths are proportional, then it is parallel to the third side of the triangle.

Talis theovem : Given several coplanar parallel lines and two transversals, then the lengths of
the corresponding segments on the transversals are proportional.

1- If the two lines M and M intersect at A and BB // CC, then: -:—c-e— = —:—cg C \\\‘

. if: AB _ AR en: BB/ OO
and conversely, if: 7oty Vo then: B8' // CC

M "
2- IfL /L /L IL, el M
' l?' L.e
Where M und M™ are two transversals 1o them, and : AB=BC=CD ‘,"; <
L= s -
o[
then: A'B' =B'C =CD t.<~'9 3.

Theorem 3 ; the bisector of the interior or exterior angle of a tnangle at any vertex divides the
opposite base of the tnangle internally or externally into two parts, the ratio of their lengths
is equal to ratio of the lengths of the other two sides of the triangle.

Important Note: In the figure opposite

1- D divides BC internally, and E divides BC externally in the same ratio

BO _ BE
then 5C ~EC
2- The two bisectors : ADand AE are prependiculari.e. ADLAE ¢ ) B

3- If AB > AC, the bisctor of .~ A intersects the side BC at D, where BD > DC the bisector
of the exterior angle of the triangele at A intersects BC at E, where BE > EC.

4. AD=,/BA<BC-DB-DC

5. AE=/BE «EC - BA-BC
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nit summary

Special cases of the converse of theorem (3)
1- In AABC:

— BD..._;_.&
lfDeBthere-D-c—-Ac

then: AD bisects .~ BAC

|rseﬁ.5e§c‘.whmie'§=5‘-

AC
then: AE bisects the exterior angle of A ABC at A.
2 - Fact: Bisectors of angles of the triangle are intersected
at one point,

First: Power of a point with respect to a circle

power of the point A with respect to the circle M whose radius equals r is the real number
P(A) where:
P (A)=(AM) - ¢
If P,(A)>0 then A lies outside the circle M
P ,(A)=0 then A lies on the circle M
P ,(A)<0 then A lies inside the circle M

Second: Secant , tangent and Measures of angle,
1+ Measure of the angle resulted from the intersection of the secants in the circle:

A Inside the circle B Outside the circle:
m(~ AEC) = lm( AC) + m(DB)| m(4ABC)= Im(AC

2- The measure of an angle formed by a secant and a tangent
to the circle

o . G A
ZA)=3m(BD ) - m(BC)] B

3- The measure of an angle formed by two tangents to the circle, Bl
m(/ A)==1[m(BXC) - m(BC )]
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By the end of the unit, the student should be able to:

Recognize the directed angle
Recognize the standand position of the directed angle

Recognize the positive and megative measure of the

directed angle

Recognize the type of measuning angle (degree and
endian measures )

Recognize the radian measure of the central amgles in
cicle

Use the calculator 1o carry omt the specinl mathematical
operabion, converting from the radian 10 the degree

measure and vice versa
Recognize the tnangonometnic fumctions

Determmine the signs of the tngonometns functions m the

h-_!«‘uJJ!Ju|.~

Deduce the set of equivalent angles whach have the same

I goaometne funcuons

Reo e the trigonometric ratios of an acuse and any

ungle

Dedwuce the tngonometnic mnos o some special anglex

|"¢-)'N Meaqive

Sandard Powsan

a Poiitree Meature
Sl Medsure . -

NeQative Meas.re
Dreciod Angie ey

Raddian Ecquraalent Angle

Quadicant Angle

Recognize the refated angles (180° & @), (360° £ @),
9+, and 2N + D)

Ciive the general solution 10 the tngosometne equations
o the form : Sim AX = cos By
tan AX = cot BX Sec¢ AX = CSC BX

Find the mcasore of an anghe givens one of s

Ingonometng rmios

0 the sine and

Recognize the graphic representation
cosane functxons, snd deduce the propertses of each of
them

Use the scientifnic calculator 1o calculme the
INEONOMEnS Mmbaos of some -;‘-.'\'l.ll angles

Madel some of the physical and life phencemena wheeh
are representod by the ingonomeine functions

Use mformation technology 10 recogmize the multphe

applications of the basse concepts of Irigonoeetry

Togonametne Functon Coseca

Sne Secant

Cosne olasgent
Tangont Iroulae Funcion




I'ngonometry is one of the branches of
mathematics. It specializes in coleulntions
among the measures of angles of the triangle
und the bength of its sides. This science
emerged within the ancient mathematics
especinlly with regard 10 the calculation

of astronomy in which our ancestons

were interested in as they watched and
comemplated the umiverse and the movement
ol the sun, the moon, the stars, and the

plancts

I'he Arab mathematician Nosir
cldin Altousi is the first 10 sepamites the

trigonometry from the astronomy.
Irigosometry is one of the sciences the

arwbs were intersted in the arab scientist

Abunl - Wafa Buzgaty (S940-998 AD) in the

Lesson (4

Lesson (4

Lesson (4 -

l oS l-‘ .

Lesson (4 -

Lesson (4 -

1) Directed Angle
2y Systems of Measuring Angle.

3y Trigonometric Functions

4): Relations between Trigonometric
Functions,

5y Graphing Trigonometric Functions.

6}  Finding the Measure of an Angle

calculator

Squared paper

Cirven the villue of one of its ralios,

Scienufic

Graph calculator

Computer - Graphic programs

—
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ara Tavu

contributed to the advancing the progress and prosperity

fenth century describes the terminology * the tangent ® and this term is taken from the

shadows obgects which formed as a result of validity of the enminied light from the sun in o straight lines

Arabs have many additions in the plane and the crreular (w.r. o the sphere) tgonometry, we siersesn we
taking from them important information, and they added 10 it two much until trigonometry became incliading many

mathematical researches, and its applications hive beoome in vamous saientiflic knowledge und practical | and also
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You will Learn

e

» Condept - of trected anghe, _ » c
¥ Skandard position of deacted The angle has been defined before as the

angle,

union of two rays with a common vertex.

» Postve and negative messe I the figure opposite, the common point

of the toected anghe. B is called «Vertex» of the angle and the
b Posmion of she diecwed angie ' tWO Fays BA and  BC are called "sides” g
he coondinats (Rase,

of the angle.

» Comcept of the equivsient ie. BA UBC =(~ABQ)

Key - Terms

and is written as ABC .

Degree Measure System
You have known that the degree measure depends on dividing the

circle into 360 equal arcs in length, then:

* Degree Mesture
* Doncted angle
* Saandand Poution
» Posnres meavure
* Negatiew messre
* Equialent Angle
» Quadnantal Arghe

1- The central angle subtends one of these arcs, its measure equals
one degree (17)

2- Each degree is subdivided into 60 equal divisions , each division
in called a minute and is denoted by (1)

3- Each minute is subdivided into 60 equal divisions, each division
is called " a second” and is denoted by (1)

e 1"=60 and ' =60"

m Directed Angle

We shall now put a further emphasis on the
order of the two rays forming the angle,

* Scientifhc Catculstor,

then it is written in the form of an ordered
pair (OA. 0B ) Where QA is the initial
side andog is the terminal side of the
angle of vertex O as in figure (1) .

If the initial side is o and the terminal side
is FA. then it is writtern as ( ‘EE '3;) in
figure (2)).
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\g{. the directed angle is an ordered pair of two rays called the sides
’C/ of the angle with a common starting point called the vertex.

-

critical thinking:
7 Is{ oa. oB)=( oB. 0A)? Explain your answer.

Standard position of the directed angle

An angle is in the standard position if its vertex is the
origin of rectangular coordinate system, and its initial side t
lies on the positive direction of the x-axis.

Is the directed angle .~ AOB in the standard position?
Explain your answer.

Qral exercises
Which one of the following ordered pairs expresses a directed angle in its standard position?
Explain your answer . .

A (ca.cp) B (oA .-OF) 0

. — — - — — G

C (o€ . 0A) D (oa .0G)

E (o8 .0G)  F (OA.0B) /
& Try to solve X i

. g %

(1) Which of the following directed angles is in the y

stundard position? Explain your answer.
A y B ' c s D
= E B
Y ﬁ.
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Positive and negative measures of a directed angle

In figure (1) the directed angle, resulting from an anticlockwise rotation has a positive

measure.

In figure (2) the directed angle, resulting from a clockwise rotation has a negative measure.

'i?‘ Find the measure of the directed angle 0 in each of the following figure:

. @t“ € \/ °/’/93u—‘
NG

We know that the sum of measures of accumulative angles around a point equals 360°
(360° - 55%) = - 305"
B Direction of the angle @ is an anticlockwise direction m(_~ @) = 360° - 33" = 327"
0) = 360" - 125" = 235"
D Direction of the angle @ is a clockwise direction m(~ 0) = - (360" - 134°) = - 226"

A

-0,

p
W

@ Solution

A Direction of the angle @ is a clockwise direction m( .~ 6) =

€ Direction of the angle @ is an anticlockwise direction m(

= Try to solve

\2, Find the measure of the dnrecled angle O n each of the following figures:

e B T &

Angle's position in the orthogonal coordinate plane:
# The orthogonal coordinate plane is divided into four

quadrants as in the figure opposite,

Mathematics - First form secondary

T
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__ quadant qeadmnt
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# If the directed angle .~ AOB in the standard position and its positive measure is (@), then
its terminal side ‘op lies in one of the quadrants:

) Scovund
|

Q)" <@ < 18

» If the terminal side Op lies on one of the two axes, then the angle called (Quacdantal angiel,
and the angles whose measures 07, 907, 180, 2707, 360" are quadrantal angles.

@ Determine the quadrant in which each of the following angles lies:

A 48 B 217 € 135 D 295° E. 270"
O‘ Solution
A0 <48 < then it lies in the first quadrant.
B 180" < 217" < 270" then it lies in the third quadrant.
€ 90" < 135" < 180" then it lies in the second quadrant,
D 270" < 295" < 360" then it lies in the fourth quadrant.
"E 270" is a quadrantal angle.
& Try to solve
@) Determine the quadrant in which each of the following angles lie;
A 88§ B 152° C 80 D 3007 E 196
Note; s
# If (0") is the positive measure of the directed angle,
then its negative measure equals (0" - 360")
» If (- 0) in the negative measure of the directed angle, - £l >
then its positive measure equals (- 68° +360°) hd
VY
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'él Determine the negative measure of the angle whose measure 275°.  absolute  value of |

-
The sum of the

@ solution each of the positive

and negative measare

The negative measure of the angle (275%) = 275" - 360" = - 857 of the directed angle
Check: 2757 + |- 85| =275" + 85" =30" oquals 360°

& Try to soive
(4] Determine the negative measure of the angles whose measures as follows:
A 32" B 270" c 2100 D 315"

(4 Determine the positive measure of the angle of measure -235°

@ solution
The positive measure of the angle (- 235%) = 360" - 235" = 1257
Check: |-2357] + [1257] = 235" « 125" = 360°

& Try to solve

(.'v) Determine the positive measure of each of the following angles :
A 52" B 126’ c 90" D 320

(s) Sperts: One of the disc players spins by an angle of measure 150° draw the angle in the
standard position.

Equivalent angles
Study the following figures and determine the directed angle () in the standard position in
each figure, what do you notice?

figure (1) Nigure (2) figure (3) figure (4)

In the figures (1), (2), (3) and (4), we notice that the angle (@) and the angle drawn with it
have the same side O 8.

figure (1); the angle of measure @ is in the standard position,

figure (2): the angles @ , 0 + 360° are equivalent.

figure (3): the angles @ , @ + 2 » 360" are equivalent.

figure (4): the angles 0 , (360" ~ 8) = 0 - 360" are equivalent

- Mathematics -~ First form secondary October Engineering Press



From the previous, we deduce that:

When drawing a directed angle @ in the standard position , then all angles whose measures :
O+1-360° or O£2:360" or @£3.360° or... or @-n»360" wherene Z

have the same terminal side are called eguivalent angles.

(:6) Find a positive and a negative measure of an angle co-terminal with each of the following

angles:
A 1200 B 230
‘A An angle of positive measure: 120" + 360" = 480" (ndd 360°)
An angle of negative measure; 1207 - 360" =-240" (subtract 360°)
B Anangle of positive measure: =230° « 360" = 130° tadd 360°)
An angle of negative measure: ~230° - 360" = 590" (subtract 360°)

Ihink: Are there other angles of positive measure and others of negative measure? Mention
some of these angles if exist.

& Try to solve

@ Find a positive and a negative measures of an angle co-terminal with each of the following
angles:

A ar B 150 c 25 D 2400 E |80

8] Discoyerthe error: all the measures of the following angles are equivalent to the angle
of measure 75" in the standard position except:

A 285 B 645 C 285 D 435°

9 Check your understanding

(i) Determine the quadrant in which each of the following angles lies:
A 56" B 325° c 570 D 166" E 390"

@ Determine a negative measure of each of the following angles of measures:

A 4y B 214 C' 125 D 90 E 312
@ Determine the smallest positive measure of each of the following angles:

A 56 B 215 C 495° D 930° E 450"
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@ Exercises (4 - 1) @

1) Complete:

A
B
c

F
G
H

A directed angle is in the standard position if

It is said that the directed angles in the standard position are equivalent if

A directed angle is positive , if the rotation of the angle and is negative,
if the rotation of the angle

If the terminal side of the directed angle lies on one of the coordinate axes, then it is
called

If (@) is the measure of a directed angle in the standard position and n € Z . then

(6 + n~3607) is called angles.

The smallest positive measure of the angle whose measure 530" is

The angle whose measure 930" lies in the quadrant,

The smallest positive measure of the angle whose measure 690" is

(2) Which of the following directed angles is in the standard position

A

Ve A 1
_ | 7 T

X

v A\ ¥ v

' B * Cc D )

L

'
y v

<

lf:ﬂ) Find the measure of the directed angle 0 in each of the following figures:

A

B f;)c//%_o Q\Vi—.
@&™ I

@." Determine the quadrant in which each of the following angles lies on:

A 24 B 215 c D 220 E 6407
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(8 Show by drawing each of the following angles in the standard position:
A 32 B 1408 c 80 D 110 E 315

@:) Determine a negative measure for each of the following angles:
A 83" B 136 C %

D 264° E 964" F 1070°

(‘U Determine the smallest positive measure of each of the following angles:

A I18% B 217 C -315° D 570

(8 In the figure opposite: which of the directed
angles in the following ordered pairs is in the
standard position? why?

A (OA, OD) B (0G.0C)
C(AB, AC) D (OE.O0D)
E(OD.0G) F (OB.0G)

’:O_:) A gymnasts spins on the gaming device by an angle of measure 200°, Draw this angle in
the standard position.

@ DRiscoyer the errar: Write a smallest positive and another smallest negative angle shar
with the terminal side of the angle (-135%)

harim's A Lial's sy
the smallest angle with positive measure = | | the smallest angle with positive measure =
~135° <180 = 45" -135° +360" = 225°
the smallest angle with negative measure = | | the smallest angle with negative measure =
~135" - 180° = -315° ~135" - 360" = -495°

Which of the two answers 1s correct? Explain your answer.
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You will Learn

» Concept of adian meaiure of
an ange.

* Relation bDetween radian and
degroe meavre,

* How 10 find the length of an
¢ s Orde.

Key - Terms

¥ Degrew Memure
» Radian Mesure
» Radlan Angle

* Scientifhc Catculstor,

| ‘ - Mathematics - First form secondary
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You have known that the degree measure is divided into degrees,
minutes, and seconds, and one degree = 60 minutes , and one minute =
60 seconds.

Are there other measurements for the angle?

Radian Measure

(oo @) :
1+ Draw a set of concentric circles. e“
2- Find the ratio of the length of the arc and

the length of the radius of its corresponding

circle - what do you notice?
We notice that the ratio of the length of the arc of any central angle,

‘and the radius of its corresponding circle equals constant quantity.

i.e.: length of ;E.:Mdm::wd"_gs:com tity,
MA| MAD m' quan ty

and this constant is the radian measure of the angle. The radian measure
of the central angle (6™), = 'ngth of the arc which the central angle subtends
Radius of this circle

%H'O"isﬂ\cmﬁmmdﬂw )
‘ central angle in a circle of radian f
r subtends an arc of length 7, then

length of the arc equals the product of

the radian measure of the central angle

and the radius of its circle:

- ( (=9"'xr) J

From the definition we deduce that:
l=0’d~l , I'= /

F
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And the unit of measuring angles in the radian measure is the radian angle which is denoted
by (1) and is read as one radian.

.
-~

Radian angle
f—\ -
L / It is o central angle in a circle subtends an arc of

length equals the radius of this circle.

Critical thinking: Is the measure of the central angle in a circle is proportional to the length of
the opposite arc? Explain your answer.

(ﬁ] A circle of rudius S8em. Fmg to the nearest hundredth the length of the arc opposite to a
central angle of measure — 7.

@ solution
Use the formula of the length of the arc: { =0«
r=8cm , 0~=5L t =§’-.} 8 2= 10.47cm

& Try to solve
(1) Find the length of the red arc in each of the following circles approximating the result to
the nearest tenth .

L O .

Relation between degree measure and radian measure:
You have known that: measure of the central angle in a circle equals

the measure of its arc. ummd-m

i.e. The central angle of degree measure 360", then the length of its SO T Ry

arcequals 27 r e shes "
unit circle.

o the unit circle

27 ina radian measure is equivalent to 360" in a degree measure.

e A™isequivalentto 180" 1~ = 180"~ 57" 1745

If there is an angle of radian measure 0™ and its degree measure x” then:
[ E0 ]
180" A
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lﬁ: Convert 30" to radian measure in terms of 7T . is (Grad) and it oqualy

1
To convert to radian measnre we use the formula ? =0 30 Of the measure of
1

& Try to solve

(2: The figure opposite represents the measures of some
special angles one of them is written in radian outside
the circle, and the other is written in degree inside the

circle. Write the corresponding measure of each angle
in the figure opposite.

!1_3 Convert 1,2 to the degree measure.

@ solution

A= 125780
N
X" =68.75493542 =68" 45' 18"

Calculator is used as follows:

M PODEDDODDD® g o

- Try to solve
(3: Convent the measures of the following angles to the degree measure approximating the
result to the nearest second:

A 07 B |.6™ C 2.05™ D 1.05™

(14 Space; A satellite spins around the Earth in a circular path a ,-’
complete revolution every 3 hours, If the radius of the Earth 7,
approximately equals 6400 km and the distance between
the moon and the surface of the earth equals 3600km,
find the distance which the moon covers dunng one hour
approximating the result to the nearest km.
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@ solution
The figure opposite shows the circular path to the motion of the
moon:

".* length of the radius of the circle of the path of the moon
MA=MC.CA

S MA = 6400 - 3600 = 10 000 km

*,* The moon covers the circular path (complete revolution) in 3 hours which is equivalent
a central angle of measure 2 7

.. The moon covers an arc of length % the circumference in one hour, which is equivalent

acenualnngleofmutczgl
We use the formula: t=0"r
r = 10000 km, 6™ = 27, ? =20 10000

= ¢ = 20944 km
(!g‘: Sports Games: one of the gymnastics players spins on the play device by an angle of
measure 200°. Draw this angle in the standard position, then find its measure in radian.

@ solution

Draw the orthogonal coordinate axes which intersect at the point O.
let the player spins by a directed angle AOB

Where .~ (AOB) =(0A, OB) thenm (.~ AOB)= 200",
180" < 2000 < 270" _ g
.". The terminal side of the angle lies in the third quadrant. 3

2@’=-&;£—&:3.49"‘

(4) Sports: A squash player moved in a path is in the shape of an arc in a circle of radius 1.4
metres and the angle of rotation of the player is 80" Find to the nearest length the length
of this arc.

9 Check your understanding

18 Industry: A disc in a machine rotates by an angle of measure — 315", draw this angle in
the standard position.
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First: Multiple choice:

fj:‘ The angle of measure 60° in the standard position is equivalent to the angle of measure:
A 1200 B 24 C 3007 D 420r

(2) The angle of mcasurci'ellics in the quadrant
A First B second C third D fourth

(3) The angle of measure '—?— fies in the quadrant
A First B second C third D fourth

’:4_\1 If the sum of measures of the interior angles of a regular polygon equals I80° (n - 2)
where n is the number of its sides. then the measure of the angle of a regular pentagon in
radian measure equals:

&)L g x c 3£ D) 2L

3 2 5 3
/Zi_ ! The angle of measure —75’-!- its degree measure equals
A 105 B 21r C 420" D 8407
(8) If the degree measure of an angle is 64° 48", then its radian measure equals
A 018 B 0.36™ C 018x D 036x

(i,' The arc length in a circle of diameter length 24 cm and opposite to a central angle of
measure 30° is
A 27 cm B 37 em C 4mcm D 57 ¢m

f:f,' The measure of the central angle in a circle of radius length 15 cm and opposite 1o an arc
length 57¢m equals
A 307 B 60 C 90" D 180"

'..'i') If the measure of an angle of a triangle equals 75" and the measure of another angle
equals 3:—. then the radian measure of the third angle equals

b 4 ¥4 n s
A ® & s 0
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Second: Answer the following questions:
@ Interms of Z, find the radian measure of the following angles

A 225 . B 240
C 135 " D 300
E 390° . F 780°
@ Find the radian measure of the following angles approximating the result to the nearest
three decimal places:
A 566 B 25" I8 C 160" 50 48"

\!i‘ Find the dgree measure of the following angles approximating the result to the nearest
second:
A 049" B 227 €l -3

@ 0 is a central angle in a circle of radius r and subtends an arc of length L:
A If r=20cmand @ =78" 15'20" then find L. (10 the nearest tenth)
B If L=27.3 cmand @ = 78" 0’ 24" then find r. (to the nearest tenth)

14} A central angle of measure 150" and subtends an arc length 11em. Calculate its radius length
(10 the nearest tenth ).

@ Find the radian and degree measure of the central angle which subtends an arc length 8. 7cm
in a circle of radius length 4cm.

\!GJ Geomeloy: the measure of an angle of a triangle is 60" and the measure of another angle
is 34- Find the radin measure and the degree measure of the third angle.

-~

17' Geomelry: the radius length of a circle equals 4 em. The inscribed angle ZA B C of
measure 30" is drawn in it. Find the length of the smaller arc AC

(13 Geomelry: In the figure opposite: if the area of the nght angled c

tnangle M A B at M equals 32 cm? | then find the penimeter of

the coloured figure to the nearest hundredth.
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\fﬂ\: Geometny: the diameter length in a circle equals 24¢m and the chord A G is drawn such
that m (.~ BAC)= 50", Find the length of the smaller arc AC approximating the result to
the nearest hundredth.

20 Distances; What is the distance covered by the point on the end of the minute hand in 10
minutes, if the hand length is 6¢cm?

@‘. Astronomy: A satellite revolves around the Earth in a circular path way a full revolution
every 6 hours. If the radius length of its path way equals 9000km, then find its speed in
km/h .

@ Geometry: In the figure opposite: c
AB and AC are two tangent segments to circle M,
m(.“CAB)=60"and A B = 12 ¢m . Find to the nearest A
integer the length of the greater arc BC .
”8

23 Time: A sundial is used to determine the time during the day ¢
through the shadow length falling on a graduated surface to
show the clock and its parts, If the shadow rotates on the disc
by the rate 15 every hour ,

A Find the radian measure of the angle which the shadow
rotates from it after 4 hours,
B After how many hours does the shadow rotate by an angle of radian measure % ?

€ The radius of a sundial is 24 cm. In terms of 77, Find the arc length which the rotation
of the shadow makes on the edge of the disc after 10 hours.

@! Critical thinking: A straight line makes an angle of rdian measure —g— with the positive

direction of the x - axis in the standard position in the unit circle. Find the equation of the
straight line.
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@ You will Learn

* Unt clach,
You have studied before the basic trigonometric ratios of an acute angle,

4 * Btk tigonometric functions
In the right angled triangle ABC at B, we get: 4 " Peoprocah of bauk trgonomes:

GO DM AD e Ao,
hypatenuse AC » Signa of the trgonometes
adjacent side  BC Aanctions.

COSC = =
W 3 AC * Trgonoeeine functions of swame

1< In the figure opposite, express sin C in

three different ratios. o

*  Are these ratios equal? Explain your answer. F
*  What do you deduce? Key - Terms
o

M * Trigonometric Function
The triangles BAC , EFC and DBC are similar (why?) 5 e (a)
From similarity.dwn:-g%=-§-g=g%=sin_c (why?) ¥ Cowre (con)
le.: the trigonometric ratio of an acute angle is constant and does not * ™ ="/
change except the angle itself is changed. .:::(‘;‘)

. wd

2- The figure opposite shows a quarter of a circle of radius r cm  + cowgens (cot)
where: m (2 DOC) =0

3]
_sin9=$ "
when m(ADMCL)C)inémsesma ’ c Lasrning tooke
lbensina.-._'_
Le. The trigonometric ratio varies as the © A4 sclemite cakadator.

measure of its angle . which is known as the
trigonometric functions,
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The unit circle

In any orthogonal coordinate system, a circle of centre at the

origin point and of radius equals the unit of length is called

a unit circle.

*  The unit circle intersects the x -axis at the two points
A(1,0)and B (-1, 0), and intersects the y-axis at the two
points C (0, 1) and D (0, -1).

#* If (x. y) are the coordinates of any point on the unit circle:
thenxe|-1, 1], ye[-1,1]
where X « y' = | Phythagorean theorem

The basic trigonometric functions of an angle
for any directed angle in the standard position, and its terminal side intersects the unit circle

at the point B(x, v) and its measure @ , it is possible to define the following functions:
1+ cosine of the angle @ = x-coordinate of point B A

Lo cos@=x

2- sine of the angle @ = y- coordinate of point B

i sin@=y

3- tangent of the angle 0 = "mn:mg‘ v
e lanO--i— wherex £0 mn9=£%whemc050#0

Notice that: the ordered pair (x, y) of any point on the unit circle is written in the form
(cos 0, sin 0)

If the point C (2, 2) is the point of intersection of the terminal side of a directed angle of

measure @ with the unit circle
thrn:cosO-:-g- . sinecg and mneﬂg-

Reciprocals of the basic trigonometric functions
For any directed angle in the standard position and its terminal side intersects the unit circle

at the point B(x. y) and its measure is @ , then there are the following functions :

k
1- sccantof theangle @:  sec O =" = —‘—whcne.t#o
A cos 6

2- Cosecant of the angle 0: ¢sc @ = —:— = -1 where y£0
v sin 6 )

1

3- Cotangent of the angle € :cot @ = %

1
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Second quadrant
x<0

y>0

The terminal side of the angle lies in the
second quadrant,

Thus, the sine and its reciprocal function are positive
und the other function are negative.

x>0

Dy &
t 2”

The terminal side of the angle lies in the first
quadrant.
Mdﬁwﬂmdmm
whose lerminad ssde OB are positive,

Zab, Third quadrant
x<0

y<0

The terminal side of the angle lies in the thind
quadrant,

Thus, the tangent and its reciprocal functions are
positive and the other functions are negalive,

Summary of signs of all tngonometric ratios:

Fourth quadrant
x>0

y<0

The terminal side of the angle lies in the fourth
quadrant,

Thas, the cosine and its reciprocal functions are
positive and the other functions are negative.

the quadrant in
which the terminal %
side of the angle lies ?
. apletelong | sewm | o fmae ] o csc | il functions
First 0, -’zL + + + [z B (305
n - = tan, cot Cos, sec
Second "é" . 7 + o
s an ) ¥ (+)
Third w3y - -+ A
= 2
(1) Determine the sign of each of the following ratios:
A sin 1308 B twn3ls C cos 650" D sec(-307)
@ solution
A The angle of measure 130° lies in the second quadrant .. sin 1307 positive
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B The angle of measure 315" lies in the fourth quadrant ~tan 3157 negative
€ The angle of measure 650" is equivalent to the angle of measure 650" - 360" = 290°
.. The angle of measure 650° lies in the fourth quadrant SLcos 6507 is positive,
D The angle of measure (-30°) is equivalent to the angle of measure - 30 *+ 360" = 330°
The angle of measure (-307) lies in the fourth quadrant sosec(-30%) s positive,

. Try to solve

(1) Determine the sign of each of the following ratios:
A cos 2107 B sin 7407 C tan - 300° D sin 12307

(2) If .~ AOB is in the standard position and its terminal side intersects the unit circle at the
point B and its measure is @. Find the basic trigonometric ratios to the angle A O B, if the
coordinates of the point B are as follows:

A 0.’l . '—‘—'c ] c XX
A ) (ﬁ v) (-x, x)
wherex>0 |, y>0
@ solution
A cos@=0, sinB=-1, un@=73 (undefined)
B x"-y’zl (urst cucle) IBJ‘_'E o
(7_2-):')‘28| then Y=l 2=3
Sy=—=>0 . o -0 fused
) 3 ) 7z (refused)
.‘.ms&% . sin%% . tan@= |
C (-xy-(xf=1 S 2r=] Sx=-— because x>0
1 1 V2
lhcn:cos6=-7_-2- . sinf= = tan 0= - |

(3)1F270 <6 <360 . sin@=- 3 findall basic trigonometric ratios of 6
@ sotution
fetm (2~ AOB)=0 where @ lies in the fourth quadrant , and
the coordinates of the point B are (x, y)

Cy=sin@=-2  x=cos0@  wherecos0 >0

13
casy=| .'.cos’G»(-;%)’-—'l
rootB=1-8 . df=14 =12 - 10
soeost 0= 5. 008 9—‘”.c050-130rc050— 35

cos =13 (why?) tan0=-?2
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(20 1£90° < 6 < 180", sin 0=2 find cos 6. tan O where 0 is an angle in the standard position
in & unit circle.

(&) If the angle O is drawn in the standard position and its terminal side passes through the
point B (-2, £).
then fine n?l tngonometric ratios of the angle 6.

@ solution
- 4 3.3 (Y.
Sll‘loﬂ-s- -~ 00898?— 5 llna-.sz 3
- B =5__5 -8__ 3
cscO—‘ L ,secO—e- 3 ¢ cota-‘- i

& Try to solve
A\
(3) Find all trigonometric ratios of angle @ drawn in the standard postion whose terminal side
passes through the following points:

5 12 | 3 4 12 5
A (35 73-) B ('5-."3') c (-33: 75

Trigonometric ratios of some special angles

In the figure opposite: the unit circle intersected the two
axes at the points

A (L0, AL, 1),A(-1.0). A0, -1),

and @ is the measure of the directed angle A O B in the
standard position and its terminal side OB intersects the
unit circle at B.

fistt If @ =0" or O =360" wi:B(1,0)
then: cosO " =cos360" =1 | sin0" =sin 360" =0,
tan 0" =tan 360" = 0

second: If " = 90" = % at: B(O, 1)

then: cos 90" =0 : $in90"=1 . tan = % (undefied)
third: If 0" = 180" = & at: B(-1,0)

then: cos 180" =-1 |, sin180° =0 , tan 180" =0
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fourth: If ©° =270° = égl

wt: B(O, -1)
then cos 270" =0

. $in210°=-1 . um270't%- (undefined)

In the following figures, determine the coordinates of the point B for each figure and deduce
the trigonometric ratios to the measures of angles: 30°, 607, 45

-
ooy
-
-
-~
.

s
-

( é' Prove without using the calculator that: sin 60° cos 30° - cos 60" sin 30" = sin’ {-
. Solution

You know that sin30'=%.cm;30'=§,sin60'={2—§-,cos60'=%
X Vo . ¥8 3.4 1.1
..LH.SI—{K—{-Ex-éB-‘--ng i

-’-:— = 45", sin45'=ﬁ

RHS =sin® § =sin?45" = (JLE)g =3 @)

From (1) and (2 .. the two sides are equal.

(4 Find the value of: 3 sin 30 sin 60° - cos 0" sec 60° + sin 270" cos? 45°

5. Critical thinking: If the angle 0 is drawn in the standard position and cos @ =

-1
?0
sin0=§

Is it possﬁ)le that m(.~ 0) = 2407 Explain your answer

9 Check your understanding

Prove that each of the following equality:

A | - 2sin* 90" = cos | 80" B cos%:cos’%-sin’{-
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First: Multiple Choice:
(fl_fl If © 1s an angle in the standard position and its terminal side passes through the point
(%. g). then sin @ equals:
AL 9 -L c Y3 D)2
R 2 ) 2 v3
(2) If sin@ = -'2- where @ is an acute angle , then m (.~ 0 ) equals
A 30 B 45 C 60" D %
(3) If sin@=- 1, cos @ =0, then the measure of angle @ equals
' N
A ZéL B x ¢ = D 21
(&) If csc O =2 where 0 is the measure of an acute angle, then measure of angle @ equals
A |5 B 30 C 45" D o
(&) 0= o V3
5/ Ifcos @ =3 ,sin@= -~ then measure of angle @ equals
2 - ST 11,
Ny S Sk y e i

(8 If tan @ = | where 0 is a positive acute angle, then measure of angle € equals

A B 30 C a5 D o
(7) tan 45° + cot 45" - sec 60° equals
A Zer B 1 c ¥3 D |
B = 2 2
(8] If cos @ = == where 0 is an acute angle , then sin @ equals
Al B L c 2 p 73
2 JI VI 2

Second: Answer the following questions:
'fg\J Find all trigonometnic functions of angle @ drawn in the standard position and its terminal

side intersects the unit circle and passes through each of the following points.
z V5 J_ V2 ST

52 REIRED

3
('-s'o .

ol

)

10) If @ is the measure of the dirccted angle in the standard position and its terminal side
intersects the unit circle at the given point, find all trigonometric function of the angle 0
in each of the following cases :

A (3a-d4a)  wherea>0 8 (3a 20) where 3 < 0 < 21
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(ii? Determine the sign of each of the following trigonometric function:

A sin 240° B 1an 365 C cscd10r
l’-col-’;-:£ E sec!;l 2 m%

12 Find the value of each of the following:

x . SRR
A cos G < cos 0« sin -« sin 5

B tan’ 30" « 2 sin’ 45" « cos® "

!
(—&\ Physics: When the sun mays fall on a translucent  ncicant ray Roflected ray
surface , they are reflected the same angle of incidence e
but some are refracted when they pass through this > 3
surface as shown in the figure opposite. i
If sin@ =K sin@,and K = 3,0, =60", find measure 0,
of angle 8. | rohacted cay

l@; Riscoverthe error: The teacher asked the students 1o
find the value of 2 sin 45",
Karim's answer

2 sin 45" = sin 2 ~ 45°

2sindS5=2x.L=.2 «¥2
=sin%' = 1| ¥2 V2 {2

=yZ

Which of the two answers is correct? why?
18} Critical thinking: If 0 is an angle drawn in the standard position where cot = - | and

csc @ =2, Isit possible that m(.~ 0) = % 7 Explain your answer.
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¥ Relation betwesn frigosometre
You have studied before the reflection and functions of angles &, (w4 @

¥ Refation between tngomometrs

@ You will Learn
B

you have recognized its propertics.

Aonctioms of sngies @ e
The figure opposite shows the directed » Retation betmeen tngonometric
angle AOB in the standard position and its ol alipie 8; o0 ¥

terminal side intersects the unit circle at the
point B(x, v) and its measure is @ where
0" <0 <9

Sung = f
Determine the point B’ which is the image of the point B by reflection # wo =ocf

Anctions of angles 0 2% 20

* Phe genesal wolution of
hgonometnc equationd in the
form:

in the y-axis, And mention its coordinates. Suna =t f
What is the measure of .~ AOB'? Is the angle .~ AOB'in the standard
position? My~

1- Trigonometric functions of two supplementary angles 0, (180" - 0)
In the figure opposite, B (1. ') is the -
image of the point B(x, y) by reflection in
the y-axis, then x' = -x , y' = y thus:

sin (180" @)=sin@ .csc (180" ) = csc @
©os (180"  8)=- cos 0.sec (180" 0)=-sec
tan (180" @)=-1an @ ,cot (180" 6)=-

For example:  ¢os 120" = cos (180" - 60°) = - cos 60" = %

sin 135" =sin (180" -45%) = sind5” = 7_.‘..._2. Learning tools
# Try to solve
Q) findtan 135° . sin120° , cos 150" o Skl i

Noticethat: €. (180" - 6) = 180°
it is said that the two angles @ | 180" - 0 are related angles.

y -

= The related angles: are angles that the difference or
" the sum of their measures equals a whole number of
L right angles.

Student book - First term




2- Trigonometric functions of angles of measures 0 , (180" +0)
In the figure opposite :
B'(Y, ¥) is the image of the point B(x, y) then

A" = - x, by reflection in the onigin point then y' = -y
thus:

sin(I80° - @) =-sin® ., csc(I180° - @)

cos (IR0 - @) =-cos® , sec(I80"-8) =-sech

tan (I180° - @)= tan® , oot(I80°-0)= cot

For example:
sin210° = sin (1807 « 30°) ~-sin 30 = -
cos 225 = cos (180° + 45%) cos 45°
tan 240" = tun (180" + 60°) = un6d" = J3

-csc

£ Try to soive
(2) Find sin 225" , cos 210" , sec 600" , cot 225"

3- Trigonometric functions of angles of measures 0 , (360" -0)

In the figure opposite: "
B'(x', ¥') is the image of the point B(x, v) by reflection in the
x-axisthen ¥=x,y' =-w

sin(360° 0) =-sin@ , ¢sc(360" 0) =-csch
Cos (360" O) = cosh , sec(360" 6) = secd
@mn (360" @) =-twn® , cot (360" ) =-cotd

For example:

sin330° = sin(360°-307) = -sin30" = -}

» - L3 L '

cos 315" = ¢cos (360" -45%)= cosd5" = i " Motice that
& Try to solve e ——
I~ 3 o . . . ratios of angle (-6)
3, Find:sin 315° | ¢sc 315° | tan 330" | tan 300 TR
Critical thinking: How can you find the value of trigonometric ratios of
sin (-45%) . cos(-60") , tan(-307) , sin 690", angle (360" - )
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(@ Without using the calculator, find the value of the expression :
sin 150" cos (-300%) + cos 930" cot 240"

@ solution
sin 150" =sin(180°-307)  =sin30° =7
cos (-300%)  =cos (-300° + 360°) = cos 60" =%
cos 930° = ¢os (930" - 2« 3607) = cos 210"

then cos 2107 = cos (1807 « 307) = o8 30° ..1/.2..§
° » " 1 1
cot 2407 =cot (180° + 60 = cot 60° =—
: ‘1 V3 )1 i " /3
lhecxpmswn=5 > (-2—)-',-—5
P, 2 = |
T4 27 4

& Try to solve
(4) Prove that: sin 600" cos (-30) « sin 150" cos (-240°) = -|

4-Trigonometric functions of two complementary angles 0 and (90’ - 0)
The figure opposite shows a part of a circle of centre O.

The angle 0 is drawn in the standard position to a circle of
radius r

from congruency of the two triangles OAB, OC B"

we gel: XY=y , y'=x

]

Thus , it is possible to deduce all trigonometric functions of
angles O and (90" 0) as follows:

sin (90" -0) =cos @ , csc(9' -0) =secO
cos (9 -0)=sin@ , sec (N -0) =csc O
an (90" -0) =cot® ., cot (N - O)=wmnb

(1) 1f the angle 6 s in the standard position, and its terminal side passes through the point (2,

g- ) then find the trigonometric functions:  sin (90" - @) , cot (90" - 6)
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. sin (90° - 9) =§
. cot (90" - 9)=§

sin (90" -0) =cos 0

ot (90° -0) =tan 0

& Try to solve
5} In the previous example, find cos (90" - @) , ¢sc (90" - 0)

5- trigonometric functions of angles of measures ¢ and (90" +0)

From congruency of the two triangles BC O L, OCB

We get

thus . its is possible to deduce all trigonometric functions of
angles @ and (90" « 0) as follows:

csc (90" 0) =secO
sec(90" - 0) = -csc P

cot (90" + 0) = -tan O

sin (90" + 0) =cos 0,
cos (90" +0) = sin@ .
tan (90" + ) = -cot O .,

8 (7, V)

é} If the angle @ is in the standard position and its terminal side passes through the point

(4, 22,
377
Find the trigonometric functions of : tan (90" « ) , csc (90" - 0)
@ solution
“ctan (90" +0) =-cot 0 'tan(90‘o9)=-—‘--=",—5
. L3S 25 ;
esc (90" 0)=  secO SLese (90" - 0)=3
% Try to solve
(6 In the previous example, find : sin (90" + @) sec (N - 0)
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6- Trigonometric functions of angles of measures @ and (2707 -6)
From congruency of the two triangles BCO , OCB

Thus , it is possible to deduce all trigonometric functions of the two angles @ and (270" - 0) as
follows: 4

sin(270" @) =-cos@ , csc(270"-0) =-sec O
cos (270" -0) =-sin@ ., sec(270°-0)=-¢cscO
an (270° - 0) = cot® , cot(270" - 0)= wn O

< L =
L

(3) If the angle @ is drawn in the standard position , its terminal side passes through the point (

—'I-;-—?- X —;-) then find the trigonometric ratios of ; cos (270" - @) , cot (270" - 0)
. Solution

 cos (270" - @)= -sin O cos(270'«0)=~%=‘%

2. > - = RA [ = -g— = -..‘_-

Seot (2707 -0)= tan@ cot (270" - ) 5575
& Try to solve

) In the previous example, find tan (270" - 0), csc (270" - 6)

7- Trigonometric functions of angles of measures 6 and (270" +0)
From congruency of the two tnangles: B C 0, 0C \ B

A

Thus, it is possible to deduce all trigonometric functions
of angles @ and (270" - 0) as follows:

sin (270" +0) =-¢cos O , ¢csc (270" + 0) = - sec O
cos (2700« @) = sin@ |, sec(270°+0) = ¢scO
tan (270° - 0) =—-cot @ , cot (270" - @)= -tan 0

(3) If the angle @ is in the standard position , its terminal side passes through the point

(g 5 -g-) then find the trigonometric ratios of: sin (270" - 0) . sec (270" + 0)
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O Solution
L sin(270° < 0) = - cos @ Sosin (270" + )

rsec(270° -0)= csc O sLosec (2707 + 0)

N mlz;'

& Try to solve

8 In the previous example, find cot (270° + @) . csc (270" « 0).
General solution of trigonometric equations in the form
[sinia) = cos(f3), secia) = csc (5), tan(a) = cot(3)]

you have studied before that, if & and B are the measures of two complementary angles (their
sum equals 90°) then sin & = cos f. sec & = ¢scf, tan @ = cot, hence & - §=%"where &
and B are two acute angles . If sin @ = cos15°then what are expected values of 67

e

1+ If sin & = cosf3 (where @, B are the measures of two complementary angles) then:
7 sina=sin( 4-- B hence: =3 - ie. a-f=%
# sina=sin(Z-+ B) hence: =5+ e a-B=%

Add 210 (where n € Z) to the angle -’-Z’L then:

when sinc = cos3 then &t + 8= 7+ 270 (neZ ), similarly:

when csc @t =secfthena + =2 - 2an (neZ),
atnx . B#n-nF

2- If 1an & = cotf (where @, 3 are the measure of two complementary angles) then :
'rmnaamm-’-.‘,i-ﬁ) hm:as%-ﬂ ie. a~ﬁ=%
# tan o =tan( 3 - §) hence: = 3L - B ie. a-f= 3

Add 270 (where n € Z) to the two unglesg and x‘gumn :

when tan @ =cotff thena = Z . 70 (where n € 2),
at@n L, Bénn
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(8) Solve the equation: sin 2 0 = cos @

@ solution
The equation: sin20 =cos @

20+0= g-'ZJIn (neZ) from definition of equation
(either 200 =X .2an  ie: 30=2 . 270

0=2 .2 divide both sides by 3
(2)or 29—0--%— L 2n R 0=—’.§-¢2ﬂn

Solution of the equation: % + %Itn or % < 2n

& Try to solve
(9) Find the general solution of each of the following equations:
A sin40=cos20 B Zsin(l-Ohsl C cs50=sin0

59 Discoyer the error: In one of the mathenmucal competitions, the teacher asked karim
and Ziad to find the value of sin(0 - —-) then who of them has a correct answer? Explain

your answer.
karim's answer Zind's answer
sin(o--'z'—)= sin(2ﬁ~9--’-§-) sin(o-%)= sinl-(%--o)l
= sin(-3-7+0) =-sin (5 - 0)
=-cos 0 =-(—cos @) =cos O

e Check your understanding

Find all values of 0 where 0 € 10, Z{ which satisfies each of the following equalities :
A sin@-cos0=0 B csc(O-%):secO .0'2cos(%-0)=l
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First: Complete each of the following:

1) cos (180" + 0) = 2 tan( 180" - 0) =
(8) cse (360" - 0) = &) sin (360" - 0) =
(8 sin (90" + 0) = 8) cot (90" - 0) =
l.'_'?_:' sec (270" +0) = '._fi} cos (270" - 0) =

Second: Complete each of the following with a measure of an acuto angle
'Olssn25 = C0s 10'00567'-sm

l.gi_,l tan 42" = cot x 11;: cse 13" = sec 3z
130 If cotan 26 = tan@ where 0°<0< 90" then m (.~ ) =

(14 If sin 50 = cos 40 where 0 is a positive acute angle , then 6 =

A8 If sec O = sec (90" - @), then cot 0 =

riw If tan 20 = cot 30 where 0 lO.%I.lhcnm(.f 0)= -
(17! If cos 6 = sin 20 where 0 is a positive acute angle, then sin 30 =

Third: Multiple choice:
18 1f tan (180" « ©) = | where @ is the measure of the smallest positive angle , then measure

of @ equals

A 45" B 30 C ar D 135
19) If cos 20 = sin where 0 € |0. %I then cos 20 equals

1 1 V3

A 7_-2. B 3 C ¢ D |
20 If sin @ = cos 8 where @ and 8 are two acute angles, then tan (& + B) equals

A % B | c J3 D undefined
1) If sin 20 = cos 40 where @ is a positive acute angle. then tan (90" - 30) equals

A | B L C | D

75 V3
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22 I cos(90" - §) = -;— where € is the measure of the smallest positive angle , then measure
of angle 0 equals
A 150 B 2107 C 240 D 330

Fourth: Answer the following question:
23 Find one of the values of 0 where 0 @ < 90" which satisfies each of the following:
A sin(30 + 15°) =cos(20-5")

B sec (@25 =csc(0-15%)
€ tan(@ + 20") = cot (30 + 30%)
D' cosﬁ.‘tém: .sing.iiﬂl

@ Find the value of each of the following:

A sin 1507 B csc 2257 C sec300 D tan 780"
i 1"x . IR 28 IR
el i et W oot 55 L o0s =3

@ If the terminal side of the angle @ drawn in the standard position intersects the unit circle
at the point B (- g— %). then find;
A sin(180° « 0) B cos(5-6)

€ tan (360" 6) D cse (- 0)

@ Riscoyer the srror: All the following answers are correct except one wrong, What is it
1+ cos 0 equals
A sin (@ -2707) B sin(270"-8) € cos(360°-0) D cos( 360" 0)

2- 5in 0 equals
A cos(g- -0) B sin(x-6) c cos(aT"#B) D sin(%+9)

3« tan 0 equals
A cot(90°-0) B cot(270°-60) € wn(270"-6) D tan( 130+ )
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\/27; Technglogy: when karim uses his lab top, the angle of
inclination of his lab top on the horizontal is 132" as
shown in the figure opposite.

A Draw the figure on the coordinate plane such that
the angle of measure 1327 is in the standard position,
then find its related angle.

B Write a trigonometric function you can use to find the value of a, then find the value

of a the nearest centimetre,

Games .. The spinner wheel is commonly spreading
out in the amusement parks. It contains a
number of boxes rotating in a circular arc of
racius 12m.

If the measure of the common angle with the

terminal side in the standard position is 5%[
A Draw the angle of measure 5‘—:!- in the standard

position .

B Write a trigonometric function you can use to find the value of a, then find the value
of a in metres to the nearest hundredth.

A If angle 0 is drawn in the standard position where cot @ = -l and cse @ = V2. Is it
possible that m (2 0) = -3—:'-'.’ Explain your answer,

an v/3 R a1

B If cos (55~ - @) = ~5— andsin (7 + ) = 7 . find the measure of the smallest positive

angle 6.
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@ You will Learn

* Goph Bw une function , and

Ultasound  depend  on  high /W\_ Geduce i1y properties.
frequencies, differ in wave length, = * Gragh the coune furtion, and

as used in medical photography M Gmdn it properties,

and submarines use it as a radar Wave length
modks Tn e e of thevoosen: [ Cm ARV
When these waves are represented

Graphically to know the properties of the sine function and cosine
function, work in group with your classmate the following:

Graphical representation of the sine function

e o

1  Complete the following table:

¥ See Funttion
- * Cosne Tuntion
6| o | &% | F |5 | F|F | ¥E27] vismmvae
sn@| 0 | 05 e
2 Draw the curve by connecting its all points.
3 Construct another table uses the additive inverse of the given
values in the previous table.
4 Determine all points which you have got on the coordinates
lattice.
5 Complete drawing the curve by connecting all its points. Materlals

' ¥ Graphic calculstor
n % 1
4—{ » Computer
? I = | i‘. &

* Grphk progams,

6 Are you notice the existence of maximum or minimum values to
this curve? explain your answer.
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"m Properties of the sine function

In the function f where fi0) = sin @ then:
*  The domain of the sine function is |- % =| , and its range |- 1, 1]

*  The sine function is periodic with period 27 i.¢. it is possible to shift the curve in the
interval [0.277] 1o the right or 1o the left 277 unit, 477 unit, 67 unit, ... and S0 on.

*  The maximum value of the sine function equals | and takes place at the points
0= —g— 2 nT nez

* The minimum value of the sine function equals - | and takes place at the points
=~3g- 20T n &z

Graphical representation of the cosine function

1  Complete the following table with your classmate:

0 |o | & |3 (3| 5 |ZF | LA oy

cos O | 08

Draw the curve by connecting all its points,
Construct another table uses the additive inverse of the given values in the previous table.
Determine all points which you have got on the coordinates lattice.

e b WN

Complete drawing the curve by connecting all its points,

S

y J

=
‘ Properties of the cosine function

In the function f where fi@) = cos O then:
* The domain of the cosine function is |2 2| , and its range is [ -1, 1]

*  The cosine function is periodic with period 27, it is possible to shift the curve in the
interval |0, 27| to the right or to the left 27 unit, 47 unit , 67 unit , ... and so on,
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* The maximum value of the cosine function equals | and takes place at the points
0=+2n7 n €2

* The minimum value of the sine function equals - | and takes place at the points
O=a+ 2 nez

@) Bhysics: Itis possible to the ships entering the port, if the level of water is high as a result
of the movement of the ebb and tide , where the depth of water is at least 10 metres. The
movement of ebb and tide in that day is given by the relation, S =6 sin (15 n)" « 10 where
n is the time elapsed after the mid-night in hours according to (24 hours System). How
many times did the depth of water completely reach 10 metres in the port. Draw a graph
representation to show how the depth of water vary with the movement of ebb and tide
duning the day.

@ solution

The relation between the time (n) in hours and the depth of water (s) in metres

from the relation: S =6 sin (15n)" + 10

whenn=0 S=6sin(15<0)- 10 =6s5n0-10 =10
whenn=6 S=6sin(15<6)-10 =6sn9%" +10 =16 N
whenn=12S=6sin (15 12) + 10 =6 sin 180" + 10= 10 \ >
whenn =18 §=6sin (15« 18) + 10 =65in 270"+ (0=4 [ s B A
whenn=24 S=6sin (15 24) + 10 =65in 360" + 10=10 |4 N/
—2t
&I T2

ninhours | 0 | 6 1218 24

Sinmetres | 10 16 10| 4 | 10
From the table we get @ the depth of water reaches 10 metres
when n = 10, 12, 24 hours

% Try to solve
(1) In the previous example , How many hours during the day at which the ship can able to
enter the port?

e Check your understanding

(i) Draw the graph of the function y =3 sinx where x ¢ |0, 27)
(2) Draw the graph of the function y = 2cosx where x € [0, 27]
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First: complete each of the following:
1) The range of the function f where f(0) = sin@ is
(2) The range of the function f where f(8) =2 sin@ is

(3) The maximum value of the function f where f(0) = 4sin@ is

(&) The minimum value of the function f where f(0) = 3cos is

Second:writetheruleforeachtrigonometricfunctionbesidethecorresponding
figure to it.

P VI SR P Y0 T

—t——ae - . : }
| i |

Figure (1) the rule is: Figure (2) the rule is;

Third: Answer the following questions:
.5 Find the maximum and minimum values, then calculate the range of each o the following

functions :
A y=sin0

B y=3cos0

Cy= g sinf
'E | Use the graph calculator or progeam on your computer to graph each of the functions
y =4 cosO and y = 3 s5in@, then find from the graph:

A The range of the function. B The maximum and minimum values of
the function.
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@ You will Learn

+ Findd the memure of s angle

You have known that , if y =sin @, then itis possible tofind the value o fnan
of y given the angle 6, and when the value of y is given then, is it
possible to find the value of 0 ?

Hy=sin® thenO=sin'y
For example if @ is a positive acute angleandy=%.
then this relation can be written in the form @ = sin '-;---30'

“ Key - Terms

@ Find m (.~ 0) where 0° < @ < 360" which satisfies each of the
following:
A sin@=06325 B cotO=( 1.6204)

* Trigonometric Function

A - Sine of the function > 0

.*. The angle lies in the first or in the second quadrant .
Use the calculator:

ST (CRCS)
The first quadrant: m(.~ 6) = 39" 14' 6"
The Second quadrant: m(.~ 0) = 180" - 39" 14' 6' =140" 45' 54"
B The co-tangent of the angle < 0

.~ the angle lies in the second or in the fourth quadrant: 0 Schermibic ol
Use the calculator:

Weh @ @DIDODRO@O®
The second quadrant: m(~ 0) = 180" - 31" 4(r 48" = 148" 19 12"
The fourth quadrant: m(.~ @) = 360" -~ 31" 40’ 48' = 328" 19 12'

Is it possible to check the answer using the calculator

Learning tools

Student book - First term




£ Try to solve

P
g

Find m( .~ @) where 0 < 6 < 360° which satisfies each of the following:
A cos 0=0.6205 B tan@=(-2.3615) C cscO=( 2.1036)

Kd Check your understanding

(1)

Sporis: there is a skiing game in the theme parks, if the height

of one of these games is 10 metres and its length is 16 metres as

in the figure opposite . write a trigonometnic function you can
use to find the value of the angle @, then find the value of the

angle in degree to the nearest thousandth,

' Cars: Karim descends by his car down a ramp of length 65m and its height is 8 metres.

If the ramp makes an angle € with the horizontal . find m{_~ 6) in degree measure.

' Discoyer the emoar the plan of length 20 gm[\‘k

metres wis broken due to wind such that as in ) =
the figure opposite, if the length of the vertical : -
part equals 7 metres, and the inchined parnt of
length 13 metres and @ is the angle which the

mclined part makes with the horizontal, find

measure of 0,
Karim's u.sm.-ra 5 (Ohmar’s answer " 5
ov =10 -0l ae 13 ‘s =13 .0 13
.csc6-7 S O=csc! S csec@=3 L O=sec'
SX(70)=32" 39 4y S X(Z0)=57" 25" 16"
' Critical thinking: the figure opposite represent a line 3
segment joining between the two points A3, 0), |
3
B (7. 3), find the measure of the angle @ including B
between AB and the x axis . . ! //
@Z [ e
o ] 2 ) 4 5 " 7

- Mathematics - First form secondary October Engineering Press



B s B

First : Multiple choice:
(1) 1f 5in 0 = 0.4325 where 0 is a positive acute angle, then m (.~ 0) equals

A 25626° B 64.347° C 32388 D 46316
2/ Iftan @ = 1.8 and 90" £ 0 < 360°, then m (. 0) equals

A 60945 B 119.055° C 240,945 D 299.055"

Second : Answer the following questions:

(D If the terminal side of angle @ in the standard position intersects the unit circle at point

B, then find each of sin @ and cos 0 in the following cases:

Apl3

6 8

L Ly
v2' J2

l@) If the terminal side of angle @ in the standard position intersects the unit circle at point B
then find each of sec @ and csc @ in the following cases:

2 J2 : 1 2 5 12
A B(— "'—') B B(——ﬁ.ﬁ) c B('ﬁ.-"—s)

(3 If the terminal side of angle @ in the standard position intersects the unit circle at point
B, then find each of tan @ and cot @ in the following cases::

g BB, 5 Cm 4 3
B T B (e Ta! S

(&) If the terminal side of angle @ in the standard position intersects the unit circle at point B,
then find m(_~ 0) where 0" < 0 < 360" when:

A B("- 1 8) B(--L.,

6 8
c B(ﬁ.ﬁ)
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l Use the degree measure to find the smallest positive angle which satisfies each of the

following:
A sin' 06 B cos' 0436 C tan' 14552
D sec'(-2.2364) E cot'3.6218 F csc'(-1.6004)

(6) 10" < O < 360", then find the measure of angle 0 in each of the following:
A sin'(0.2356) B cos'(-0.642) C 1an ' (- 2.1456)

(7) i sin@=3and 90" < @ < 180",
A Calculate the measure of angle @ to the nearest second

B Find the value of cos @ |, tanf and secl .

(8) Ladder; A ladder of length 5 metres rests on a wall , if the l
Sn
height of the ladder from the ground is 3 metres. Find in 2.
radian the measure of the angle of inclination of the ladder to & ‘

the horizontal,

(9 Find the degree measure of angle @ in each of the following figures:

A B c
Mom & 9 on
e “aom
Tem L
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nitsummary

1  The directed sngle: is an ordered pair of two rays ( OA, OB ) is called the sides with a
common starting point called the vertex. OA is the initial side and OB is the terminal

side of the angle :
g & &
g | s
—

2 The standard pesitien: of an angle in the rectangular coordinate system, its vertex is the
origin point, and its initial side is the positive part of the x -axis .

3 Eunivalent sagles: o the angles of measures in the form (0 - n x 360°) where n & Z have the
same terminal side.

4 mamiamamgle: is the central angle in the circle whose measure is 1™ subtends an arc of
length equals the length of the radius of the circle .

5 Relation betweon the degroe and the radian measare: |f we have an angle of degree measure
equals x* ang its radian measure euals 0™ then:

S . 180
0= x -.Er, X 39"!_”_

6 lenmhettheare: If O is the central angle in the circle of radius length r subtends an arc
of length 7 ,then £ =60 «r

7 The suadrantalangle: is the angle in the standard position, its terminal side lies on one of
the two axes x or v,

8 TYeesmmiteirels: is a circle drawn in the coordinates plane, its centre is the origin point and
its radius equals one unit of length.

9 Trigememetric ratle: is the ratio of lengths of two sides of the right angled triangle,

10 signs of the triganemetric functisas:

Notice that.

First quadrant: Second guadrant: Third quadrant: Fourth quadrant:

0" <@ <A 9° < 0 < 1807 180" < 0 < 270" 270" < 0 < 360"

all trigonometric |sin 0, c¢s¢c @ are{tan 6, cot @ are[cos O, sec @

functions are positive | positive  and  the | positive  and  the | positive and the
other functions are | other functions are | other functions
negative, negative, are negative.
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Unit summary

11 The trigonometric function of angles of measures:
first: (180" - @) secondd: (1807 - @)

sin (180° - 8) =sin@, ¢s¢c (180" - @) =¢sc sin(180°-0) =-sin@ , ¢sc(IS0° +@)=-csc @
Cos(180°-0) =-cos @, sec (180" -0)=-sec@ | loos (180" - 0)=-cos @ , sec(I180° « @)= -sech
an (180" -8) = cot®.cot (180°-9) =-cor @ (180° <) = tan@ , cot(180° - @) =cot @
third: (360" - @)
sN(360° -0) = 5@ ,csc (360 -8) = csc @
cos (360" -0) = cos@ ,sec (360" -0) = sec

wun (360° - 6) =-tan § , cot (360" - B) = -cot 6

fourth: (90° - &) ffth: (90° - &
sin (90" - 0) =cos8 , csc (90 0) =sech Sin(90" < 0) m=cos @, ¢sc(90" - 0) =sec
(N -0) =sinf , sec(N - 6) =c¢ Cos(90° - @) = -5in@, sec(N -0)=-¢scO

n{HN -0 =cotd , cot(9" -G)y=tan6 tan (N° +0) =-coth , cot (90" . 0)=-tan

sixth: (270" - 8) seventh: (270° - 8)
sin(270°-6) =-cosf , ¢sc(270'-8) = scch SIn{270"+6) =-cosh . csc (270" 6) =-sech
s (270" -8) =-sin® , sec2N'-6) =-c B cos (270" < @) =sinf  , sec 270"+ 8) =csc b
an (270" - 8) =cotd ., cot (270" - 6)=tan tan (270" - 8) =-¢cotB , ek (270 - 6)=-wn @

12 Properties of each of the sine and cosine functions

I'roper[y 'r'l'hesinefnnction fi6) =sin 6  the cosine function f(0) = cos 6
The domain and the | the domain is |- =| , the range the domain is |-= , =| , the
range is [-1, 1] range is |-1, 1]

The maximum value |equals | atx=4-+2n7,neZ equalsl atx=%2n7x.neZ

The minimum value | cquals | atx =9 +2nx.neZ equals-l atx=xina.neZ

13 If the terminal side of the angle @ drawn in the standard position intersects the unit circle at
the point B(x,y) then x=cos @ , y=sin 0@ and are known the trigonometric functions,

(@ rnrichment Information

Please visit the following links.
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GeneralTests
Test 1 (Algebra and trigonometry)

Question 1: Choose the correct answera, b, cord.
1) 1f L.and M are the two roots of the equation +* - 7x + 3 =0, then L + M?
a 7 b 3 c 58 d 79
(2) Ifsin @ = -1, and cos 0 = zero, then 0 equals
a %‘ b x c é,f d 21
(8) The quadratic equation whose roots are: 2 - 3i, 2 + 3iis
8 xedx 13=0 b x*-4x413=0 € x'idx-13=0 d x-4x-13=0

'4' If one of the two roots of the equation: x? - (m « 2) x « 3 =0 is an additive inverse of the
other root, then m equals

a3 b 2 c 2 d 3

Question 2 : Complete

"_'i') The function f : where fix) = - (x - 1) (x + 2) is positive in the interval

(2) The angle whose measure is 930 is located at the quadrant

(3) fcos@= -l,— and sinf = - '/—5-5: then O equals

u’_§) The quadratic equation whose two roots are twice the two roots of the equation
2x* -8 x+S5=0is

Question 3

a8 Put the number -g—;%— in the form of a complex number where i* = -1,

b Ifd4sinA-3=0,findm(ZA)where Ae |0, %

Question 4
8 Iff: R+ Rwherefix)=-x"+8x-15
first: Graph the function curve in the interval |1, 7)
second: Determine the sign of the function,

b Ifx=3+2iandy=-22" thenfind x « y in the form of a complex number.

-7

Question 5
8 Find the solution set of the inequality ¥ « 3x -4 <0

b Iftan B = 5 where 180° < B < 270°, then find the value of:
cos (360" — B) - cos (90" - B)
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GeneralTests

Test 2 (Algebra and trigonometry)
Question 1: Complete:

(1) The simplest form of the imaginary number i*' =

2 If the two roots of the equation x* - 6x « L =0 are real and equal, then L=

310" <0 <90 andsin2@=cos 30, thenm (. 0)

(&) The range of function f where f(0) = —g—sin @ is

Question 2 : Choose the correct answer a, b, cor d.

(1) The equation: xX(x - 1)(x « 1) =0isa degree equation:
a first b second € third d  fourth
lg - If the two roots of the equation x* + 3x — m = 0 are real different, then m equals:
a | b 2 c 3 d 4

(3 If the sum of measures of the angles of a regular polygon equals 180" (n — 2) where n is the
number of sides. then the measure of the angle of a regular octagon by the radian measure

equals:
n n an 2n
4 1f20s0=y3 and 7 <0 < 3—:— , then m(.~ 0) equals
x 64 T m
- o ¢l S
Question 3:

A Find the value of k which makes one root of the two roots of the equation:
4kx? + Tx + k7 « 4 =0 is a multiplicative inverse of the other root,
B If sin @ = sin 750" cos 300" « sin(- 60") cot 120" where 0" < 0 < 360", Find m(.~ 0) .

Question 4:
A First: Find the two values of a, b which satisfy the equation : 12+ 3ai=4b~-271
Second: Find the solution set of the inequality: x(x « 1) -2<0in R
B A central angle of measure @ inscribed in a circle of a radius length 18 ¢m and subtends
an ar¢ of length 26 ¢m, find @ in degree measure,

Question 5:

A If the sum S of the consecutive integers (1 « 2+ 3« ., + n), where n is the number of integers
is given by the relation s = g (1 + n), how many consecutive integers starting from number
| to be summed 210 are there?

B If sin x = 5 where 90" < x < 180" Find sin (180" - x) + tan (360" = x) + 2 sin (270" = x).
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GeneralTests

Test3 (Geometry)
Question 1: Complete
'1) The two polygons that are similar to a third are A
‘2 In the figure opposite: D
First: (AB)' = AD x and (CB)Y = CA x
Second: DA x DC = C 8
Third: AB x BC = %
Question 2: choose the correct answera, b, cord
1 Two similar rectangles, the length of the first is 5 cm. the ratio between the perimeter of

the first to the perimeter of the second equals :
A 1:5 B |:3 Bi1:2 D 2:1

L g Which two triangles of the following are similar?

Sem
bl o , fom fom dem
. ! Sem
dom
(4

¥ 12) 80

A (1.4 B (2).(4) C (1).(3) D (3).(4)

3 If the ratio between the perimeters of two similar triangles is 1:4, then the ratio between
their two surface areas equals

A 1:2 B 1.4 C 1:8 D 1:16
’5,) In the figure opposite: All mathematical expressions dre correct except One eXpression:
A (ABY =AC-AD B (AB)=AE - AF 8
C AC-AD=AE - AF D AC -CD=AE « EF D A
-
F
Question 3:

A In the figure opposite: A ADE ~ A ABC prove that: DE / BC
If : AD= 4 cm, DB = 2 ¢m, EC = 1.5 em, BC = 5 cm. Find the
length of AE and DE

B ABC isatriangle, D € BC where BD =5 c¢m,DC =3 cmand E € AC where AE =2 ¢cm,
CE = 4¢m. Prove that A DEC ~ A ABC, then find the ratio between their two surface
areas
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Question 4:
A In the figure opposite: m(_.~ ADE) = m(_~C)
AD=4cm, AE=5cm, DE=6c¢mand EC =3 ¢m
Find the length of: OB and BC

B CBN FE={A}
AB=3cm, BC=2cm , AF=75cm
Find the length of EF

Question 5:
A AD is & median in the triangle ABC, .~ ADB is bisected by a bisector to cut AB at E,
.~ ABC is bisected by a bisector to cut AC at F and EF is drawn. Prove that EF // BC
B in the figure opposite:
AB /| EF ,AE=8¢cm,CE=12¢m, CF=9¢m,
BM=4c¢m and DM =6¢cm c 8

First: find the length of BF W -
FM // CD 5]

Second: prove that : FM // CD

Test4 (Geometry)
Question 1: complete

1) Any two regular polygons that have the same number of sides are

2 In the figure opposite: If A ADE ~ A ACB
then m(.~ ADE) = m( )

(3) If the two straight lines including the two chords DE , XY
intersect at point N, then: ND . NE =

LAB
@) In the figure opposite: If AC = 3 cm and CE = 9.cm then AB = '
Question 2: Choose the correct answer a, b, cord.

1 Which two polygons of the following are similar?

TR =1=

) ()

A Polygons (1),(2) B Polygons(1),(3)
C Polygons (3),(4) D Polygons (2), (4)
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(.2:) If the ratio between the surface areas of two similar polygons is 16:25, then the ratio
between the lengths of the two corresponding sides in the two polygons equals
A'2:5 B 4:5 C 16:25 D 16:41

{ 5} In the figure opposite: All the following mathematical expressions are correct except :

A D _ AE g AD _ DE
DB EC DB BC
AD AE AB AC

i D% =&

9 " In the figure opposite : length of MZ equals :
A 36cm B 4cm C 42¢cm D 48cm

Question 3:

A In the figure opposite: A ABC ~ A AED
Prove that BCED is a cycilic quadrilateral If AD = 3¢m, BD =

2cm, and AE = 2.5 cm. Find the length of EC,

B ABCD is a cyelic quadrilateral whose two diagonals intersected
at E. EF // CBis drawn to intersect AB at F EM / CD., CD is
drawn to intersect AD at M Prove that. 7 // BO .

Question 4: A

A In the figure opposite: m( .~ BAC) = %', AD = BC ,AB = 4.5 cm,
and AC = 6 ¢m. Find the length of 8D , DC and AD

B ABCD is a cyclic quadnlateral in which BC = 27¢m, AB = 2em, AD = 8¢m, DC = 12cm
and AC = I8 cm. Prove that ABAC ~ A ADC and find the ratio between their two surface
areas

Question 5:

A In the figure opposite: AB is a tangent to a circle , C is a midpoint on
AD and AB =3 Y2 find the length of AC o

B ABC is a triangle in which AB =8 cm, AC = 12cm , BC = 15¢m , AD bisects .~ A and
intersects BC at D, DE /#/ BA is drawn to intersect AC at E.
Find the length of BD . CE
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